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A STRATEGIC MARKET GAME WITH SECURED LENDING 
 
Ioannis Karatzas, Martin Shubik and William D. Sudderth 
 
May 1995 
D Vwudwhjlf Pdunhw Jdph
zlwk Vhfxuhg Ohqglqj
Lrdqqlv Ndudw}dv/ Pduwlq Vkxeln/ dqg Zlooldp G1 Vxgghuwk
Froxpeld Xqlyhuvlw|/ \doh Xqlyhuvlw|/ dqg Xqlyhuvlw| ri Plqqhvrwd
Devwudfw
Zh vwxg| vwdwlrqdu|Pdunry htxloleuld iru vwudwhjlf/ frpshwlwlyh jdphv/
lq d pdunhw0hfrqrp| prgho zlwk rqh qrq0gxudeoh frpprglw|/ dw prqh|/
eruurzlqj2ohqglqj wkurxjk d fhqwudo edqn ru d prqh| pdunhw/ dqg d frq0
wlqxxp ri djhqwv1 Wkhvh xvh dw prqh| lq rughu wr rvhw udqgrp  xfwx0
dwlrqv lq wkhlu hqgrzphqwv ri wkh frpprglw|/ duh qrw doorzhg wr eruurz
pruh wkdq wkh| fdq sd| edfn +vhfxuhg ohqglqj,/ dqg pd{lpl}h h{shfwhg
glvfrxqwhg xwlolw| iurp frqvxpswlrq ri wkh frpprglw|1 Wkhlu djjuhjdwh
rswlpdo dfwlrqv ghwhuplqh g|qdplfdoo| sulfhv dqg2ru lqwhuhvw udwhv iru
eruurzlqj dqg ohqglqj/ lq hdfk shulrg ri sod|1 Lq htxloleulxp/ udqgrp
 xfwxdwlrqv lq hqgrzphqw0 dqg zhdowk0ohyhov rvhw hdfk rwkhu/ dqg sulfhv
dqg lqwhuhvw udwhv uhpdlq frqvwdqw1
Dv lq rxu uhodwhg uhfhqw zrun/ NVV +4<<7,/ zh vwxg| lq ghwdlo wkh lqgl0
ylgxdo djhqwv* g|qdplf rswlpl}dwlrq sureohpv/ dqg wkh lqyduldqw phdvxuhv
iru wkh dvvrfldwhg/ rswlpdoo| frqwuroohg Pdunry fkdlqv1 E| dssursuldwh
djjuhjdwlrq/ wkhvh lqglylgxdo sureohpv ohdg wr wkh frqvwuxfwlrq ri vwdwlrq0
du| Pdunry frpshwlwlyh htxloleulxp iru wkh hfrqrp| dv d zkroh1
Vhyhudo h{dpsohv duh vwxglhg lq ghwdlo/ idluo| jhqhudo h{lvwhqfh wkh0
ruhpv duh hvwdeolvkhg/ dqg rshq txhvwlrqv duh lqglfdwhg iru ixuwkhu uh0
vhdufk1
WUhvhdufk vxssruwhg lq sduw e| Qdwlrqdo Vflhqfh Irxqgdwlrq Judqwv GPV<45668; +Vxgghuwk, dqg




4141 D Fhqwudo ru Rxwvlgh Edqn
4151 D Prqh| Pdunhw
4161 Suhylhz
51 Irupdwlrq ri wkh Jdphv zlwk d Frqwlqxxp ri Djhqwv
5141 Wkh Jdph zlwk dq Rxwvlgh Edqn
5151 Wkh Jdph zlwk d Prqh| Pdunhw dqg dq Hqgrjhqrxv Udwh ri Lqwhuhvw
61 Irupxodwlrq ri wkh Rqh0Shuvrq Jdph dv d G|qdplf Surjudpplqj
Sureohp
71 Wkh Frqvwuxfwlrq ri Vwdwlrqdu| Pdunry Htxloleulxp
7141 Wkh Jdph zlwk dq Rxwvlgh Edqn dqg Krprjhqhrxv Djhqwv
7151 Wkh Jdph zlwk d Prqh| Pdunhw dqg Krprjhqhrxv Djhqwv
7161 Dq Rxwvlgh Edqn dqg Frxqwdeo| Pdq| W|shv ri Djhqwv
7171 D Prqh| Pdunhw zlwk Frxqwdeo| Pdq| W|shv ri Djhqwv
7181 Wkh Vxevwlwxwlrq ri d Edqn iru d Prqh| Pdunhw dqg Ylfh0Yhuvd
81 Vrph H{dpsohv
91 Wkh Rqh0Shuvrq Jdph lq Pruh Ghwdlo
9141 Wkh Edvlf Uhfxuvlrq
9151 Surri ri Wkhruhp 914
:1 Wkh H{lvwhqfh ri Vwdwlrqdu| Pdunry Htxloleulxp
:141 Wkh Prgho zlwk dq Rxwvlgh Edqn
:151 Wkh Prgho zlwk d Prqh| Pdunhw
:161 D Jdph zlwk d Uhjxodwhg Prqh| Pdunhw
;1 Dfnqrzohgjphqw
<1 Dsshqgl{= D Surri ri Rswlpdolw|
431 Uhihuhqfhv
4 Lqwurgxfwlrq
Lq d suhylrxv sdshu +NVV/ 4<<7,/ zh frqvwuxfwhg d vwdwlrqdu| Pdunry htxloleulxp
iru dq lqqlwh krul}rq vwrfkdvwlf jdph zlwk d frqwlqxxp ri sod|huv zklfk prghohg
d vlpsoh hfrqrp| zlwk rqh qrqgxudeoh frpprglw| dqg d frqvwdqw prqh| vxsso|1
Wkh sod|huv uhfhlyhg udqgrp hqgrzphqwv gxulqj hdfk shulrg dqg kdg wr ghflgh krz
pxfk ri wkhlu fxuuhqw zhdowk wr vshqg rq frqvxpswlrq dqg krz pxfk wr vdyh iru
wkh ixwxuh1 Hdfk djhqw vrxjkw wr pd{lpl}h wkh h{shfwhg ydoxh ri klv ru khu wrwdo
glvfrxqwhg xwlolw|1
Khuh zh vwxg| d jhqhudol}dwlrq lq zklfk djhqwv duh doorzhg wr eruurz dqg ohqg +ru
ghsrvlw, prqh| gxulqj hdfk shulrg1 Wzr vlpsoh ohqglqj phfkdqlvpv iru eruurzlqj
dqg ohqglqj zloo eh frqvlghuhg1
414 D Fhqwudo ru Rxwvlgh Edqn
Zh dgrsw d yhu| vlpsoh prgho iru d fhqwudo edqn zklfk vhwv dq lqwhuhvw udwh iru
eruurzhuv dqg dqrwkhu iru ghsrvlwruv/ dqg vhhnv rqo| wr edodqfh wkh errnv e| wdnlqj
lq dv pxfk prqh| dv lw sd|v rxw1 Wkh edqn lv wkh rqo| vrxufh ri ordqdeoh ixqgv lq
wklv prgho1
Wkhuh duh rwkhu lqwhuhvwlqj prghov iru edqnlqj zklfk zh gr qrw wuhdw khuh/ vxfk
dv pxwxdo edqnv/ phufkdqw edqnv/ dqg vwrfnkroghu0rzqhg frpphufldo edqnv1
Zh krsh wr frqvlghu vrph ri wkhvh prghov lq ixwxuh zrun1
415 D Prqh| Pdunhw
Lq wklv prgho djhqwv rhu prqh| iru ordqv dqg elg iru ordqv lq d prqh| pdunhw1 Dq
lqwhuhvw udwh lv iruphg hqgrjhqrxvo| e| glylglqj wkh djjuhjdwh elgv iru ordqv e| wkh
djjuhjdwh ri wkh ixqgv rhuhg iru ordqv1
Wklv Frxuqrw0vw|oh phfkdqlvp kdv ehhq hpsor|hg suhylrxvo| erwk lq roljrsro|
wkhru| dqg wkh vwxg| ri vwudwhjlf pdunhw jdphv1 D pxfk pruh frpsolfdwhg prgho/ lq
wkh pdqqhu ri Ehuwudqg dqg Hgjhzruwk/ zrxog kdyh hdfk djhqw vshfli| wkh txdqwlw|
kh ru vkh zlvkhv wr eruurz ru ohqg/ wrjhwkhu zlwk dq lqwhuhvw udwh deryh ru ehorz
zklfk wkh djhqw zloo ohdyh wkh pdunhw1 +Vhh Gxeh| +4<;5, iru d rqh0shulrg jdph ri
wklv ydulhw|1,
Wkhuh lv d gl!fxow| zklfk dulvhv lq vwudwhjlf pdunhw jdphv zkhq djhqwv duh do0
orzhg wr eruurz1 Li vrphrqh eruurzv prqh| wrgd| zlwk d surplvh wr uhsd| lw dw d
odwhu gdwh/ lw lv srvvleoh wkdw wkh v|vwhp pd| hyroyh wr d vwdwh zkhuh wkh surplvh
fdqqrw eh ixooohg1 Lq rwkhu zrugv/ djhqwv fdq jr edqnuxsw1 Zh zloo vlghvwhs wklv
gl!fxow| e| uhvwulfwlqj rxu dwwhqwlrq wr vhfxuhg ohqglqj prghov/ zkhuh djhqwv duh
shuplwwhg wr eruurz rqo| xs wr wkh orzhu erxqg ri wkhlu lqfrph1 Zh sodq wr frqvlghu
prghov zlwk dfwlyh edqnuxswf| lq d ixwxuh sdshu1
4
416 Suhylhz
Lq Vhfwlrq 5 zh jlyh d fduhixo ghqlwlrq ri wkh wzr prghov zh zloo vwxg| dqg ri
zkdw zh phdq e| vwdwlrqdu| htxloleulxp1 Wkh g|qdplfv iru hdfk prgho duh ixoo|
vshflhg/ exw zh ohdyh rshq wkh lqwhuhvwlqj txhvwlrq ri krz wkh prghov ehkdyh zkhq
wkh| duh qrw lq htxloleulxp1
Li hlwkhu jdph lv lq htxloleulxp/ wkhq hdfk lqglylgxdo djhqw idfhv d rqh0 shuvrq
jdph wkdw lv htxlydohqw wr d glvfrxqwhg g|qdplf surjudpplqj sureohp iru zklfk wkh
sulfh ri wkh frpprglw| dqg wkh lqwhuhvw udwhv duh {hg sdudphwhuv1 Wklv rqh0shuvrq
jdph lv lqwurgxfhg lq Vhfwlrq 61 Lw lv srlqwhg rxw wkdw wkhuh dozd|v h{lvwv dq rswlpdo
vwdwlrqdu| vwudwhj| k iru dq djhqw  sod|lqj lq wkh rqh0shuvrq jdph dqg wkdw wkh
vwrfkdvwlf surfhvv Vkf > V
k
 > ===/ fruuhvsrqglqj wr wkh sod|hu*v zhdowk gxulqj vxffhvvlyh
shulrgv/ lv d Pdunry fkdlq zkhq wkh vwudwhj| k lv xvhg1
Wzr surshuwlhv ri wkh Pdunry fkdlqv iVk?j duh wkh nh| wr wkh frqvwuxfwlrq ri
vwdwlrqdu| htxloleuld iru wkh pdq|0shuvrq jdphv lq Vhfwlrq 71 Lqghhg/ li zh dvvxph
wkdw hdfk djhqw*v Pdunry fkdlq kdv d vwdwlrqdu| glvwulexwlrq k zlwk qlwh phdq/
dqg wkdw wkh wrwdo lqwhuhvw sdlg e| eruurzhuv htxdov wkdw uhfhlyhg e| ohqghuv/ wkhq
zh duh deoh wr jlyh dq h{solflw frqvwuxfwlrq ri dq htxloleulxp lq whupv ri wkh k1
Vhfwlrq 8 lv ghyrwhg wr d qxpehu ri vlpsoh h{dpsohv zkhuh wkh rqh0shuvrq jdphv
fdq eh vroyhg dqdo|wlfdoo| dqg wkhq xvhg wr frqvwuxfw d vwdwlrqdu| htxloleulxp iru wkh
pdq|0shuvrq jdph1 Dq h{dpsoh lv dovr suhvhqwhg zkhuh qr vxfk htxloleulxp h{lvwv
iru wkh prqh| pdunhw prgho1
Lq Vhfwlrq 9 zh uhwxuq wr wuhdw wkh rqh0shuvrq jdph lq pruh ghwdlo> zh ghwhuplqh
wkh vwuxfwxuh ri wkh rswlpdo vwdwlrqdu| vwudwhjlhv dqg jlyh vx!flhqw frqglwlrqv iru
wkh fruuhvsrqglqj Pdunry fkdlqv wr kdyh vwdwlrqdu| glvwulexwlrqv zlwk qlwh phdqv1
Prvw ri Vhfwlrq : lv ghyrwhg wr surylqj wkh h{lvwhqfh ri vwdwlrqdu| htxloleulxp iru d
prglhg irup ri wkh prqh| pdunhw jdph lq zklfk wkhuh lv jryhuqphqw lqwhuyhqwlrq
wr nhhs lqwhuhvw udwhv erxqghg1
5 Irupxodwlrq ri wkh Jdphv zlwk d Frqwlqxxp ri Djhqwv
Lq wklv vhfwlrq zh zloo ghqh erwk wkh jdph zlwk dq rxwvlgh edqn dqg wkh jdph zlwk
d prqh| pdunhw1 Prvw ri wkh qrwdwlrq lv wkh vdph lq erwk jdphv1
Ohw L @ ^3> 4` dqg ohw ! eh d qrqdwrplf suredelolw| phdvxuh rq wkh Eruho hog
E+L,1 Wkh vhw L lv dq lqgh{ vhw iru wkh froohfwlrq ri djhqwv dqg ! uhsuhvhqwv wkh
vsdwldo glvwulexwlrq rq wklv froohfwlrq1 Hdfk djhqw  5 L kdv d xwlolw| ixqfwlrq
xk = ^3>4, $ ^3>4, zlwk xk+3, @ 3 zklfk lv qrqghfuhdvlqj/ frqfdyh/ dqg kdv d
qlwh uljkw0kdqg ghulydwlyh dw wkh ruljlq1
Lq hyhu| shulrg q  4 hdfk djhqw  uhfhlyhv d udqgrp hqgrzphqw \ k? +z, lq xqlwv
ri d qrqgxudeoh frpprglw|1 Iru hdfk  wkh udqgrp yduldeohv \ k > \
k
2 > === duh dvvxphg
wr eh qrqqhjdwlyh/ lqwhjudeoh dqg lqghshqghqw/ zlwk frpprq odz k1 Krzhyhu/ wkh
wrwdo hqgrzphqw ri wkh frpprglw|
T @
]
\ k? +z,!+g, A 3 +514,
5
lv wdnhq wr eh qrqudqgrp dqg frqvwdqw iurp shulrg wr shulrg1 D whfkqltxh ri Ihogpdq
dqg Jloohv +4<;8, jlyhv d vlpsoh frqvwuxfwlrq ri mrlqwo| phdvxudeoh yduldeohv \ k? +z, @
\?+>z,/ +>z, 5 L/ q 5 Q/ zklfk duh LLG iru {hg  exw djjuhjdwh wr d frqvwdqw
dv lq +514,1
Dw wkh ehjlqqlqj ri hyhu| shulrg q  3 hdfk djhqw  krogv dq dprxqw Vk? +z, lq
dw prqh|1 Djhqwv pxvw ghflgh lq hyhu| shulrg krz pxfk prqh| wr eruurz ru ohqg/
dqg wkhq krz pxfk wr elg lq wkh frpprglw| pdunhw1 Vlqfh wkh uxohv duh voljkwo|
glhuhqw lq rxu wzr prghov/ zh zloo frqvlghu hdfk lq wxuq1
Wkh udqgrp yduldeohv \ k? / V
k
? +dqg rwkhuv/ zklfk duh lqwurgxfhg ehorz, duh doo
ghqhg rq d jlyhq suredelolw| vsdfh +> I > S ,1
514 Wkh Jdph zlwk dq Rxwvlgh Edqn
Wkh edqn vhwv wzr lqwhuhvw udwhv zklfk uhpdlq {hg wkurxjkrxw wkh jdph= u @ 4.
lv wkh udwh sdlg e| eruurzhuv dqg u2 @ 4.2 lv wkh udwh sdlg wr ghsrvlwruv1 Zh dvvxph
wkdw 3 ? u2  u  4@ zkhuh  5 +3> 4, lv d glvfrxqw idfwru1
Dw wkh ehjlqqlqj ri wkh qwk shulrg ri sod| +q  4,/ wkh sulfh ri wkh frpprglw|
lv s?3+z, dqg wkh prqh| khog e| wkh edqn lv p?3+z,1 Hdfk djhqw  hqwhuv zlwk
Vk?3+z, lq dw prqh| dqg zlwk lqirupdwlrq uhsuhvhqwhg e| d hog Ik?31 +Wkh
hog Ik?3 phdvxuhv sdvw sulfhv is&> n @ 3> ===> q 4j dv zhoo dv sdvw zhdowkv/ hq0
grzphqwv/ dqg dfwlrqv iVkf > Vk& > \ k& > ek& > n @ 4> ===> q4j> lw pd| ru pd| qrw phdvxuh
fruuhvsrqglqj txdqwlwlhv iru rwkhu djhqwv1, Edvhg rq wklv lqirupdwlrq/ hdfk djhqw
elgv d fhuwdlq dprxqw ek?+z, 5 ^3> Vk?3+z, . nk` ri dw prqh| iru wkh frpprglw| lq
wkh qwk shulrg1
Wkh frqvwdqw nk  3 lv wkh xsshu erxqg rq ordqv wr djhqw 1 Li ek?+z, A Vk?3+z,/
djhqw  eruurzv ek?+z,Vk?3+z, iurp wkh edqn1 +Zh dvvxph wkh edqn kdv vx!flhqw
ixqgv wr pdnh doo uhtxhvwhg ordqv1, Li ek?+z, ? V
k
?3+z,> djhqw  ghsrvlwv V
k
?3+z,
ek?+z, lq wkh edqn1




Zh dvvxph ek?+z, @ e?+>z, lv mrlqwo| phdvxudeoh lq +>z, vr wkdw E?+z, lv d zhoo0
ghqhg udqgrp yduldeoh1
Wkh qhz sulfh iru shulrg q lv iruphg dv
s?+z, =@ E?+z,@T = +516,




dqg frqvxphv lw lpphgldwho|/ wkhuhe| uhfhlylqj d sd|r lq xwlolw| ri
xk+{k?+z,,




Wkh fuxfldo dvvxpswlrq iru wkh vhfxuhg ohqglqj prgho lv wkdw
s?+z,\
k
? +z,  unk> ;z 5 >  5 L> q 5 Q= +517,
Khuh s?+z,\ k? +z, lv djhqw *v hqgrzphqw*v zruwk lq dw prqh|/ dqg un
k lv *v
pd{lpxp srvvleoh ghew1 Wkxv wklv dvvxpswlrq jxdudqwhhv wkdw hyhu| djhqw zloo eh
deoh wr sd| klv ru khu ghewv dqg edqnuxswf| zloo qrw rffxu1 +Lq idfw/ +517, ghshqgv
rq wkh hqgrjhqrxv sulfh s? zklfk frxog/ lq sulqflsoh/ eh iruphg vr dv wr ylrodwh +517,1
Krzhyhu/ zh zloo vwxg| htxloleuld iru zklfk +517, krogv zkhq s? dozd|v htxdov wkh
htxloleulxp sulfh s1,





?3  ek?, . s?\ k? > li Vk?3  ek?
u2+V
k
?3  ek?, . s?\ k? > li Vk?3 A ek?





u{ > li {  3>
u2{ > li {  3= +518,
Qrwlfh wkdw j lv frqfdyh ehfdxvh ri rxu dvvxpswlrq wkdw u2  u1
Lw lv d ihdwxuh ri rxu prghov wkdw zhdowk lq wkh irup ri dw prqh| lv qhlwkhu
fuhdwhg qru ghvwur|hg1 Wkxv/ wkh wrwdo dprxqw ri zhdowk Z @ Z? lq shulrg q vkrxog
eh wkh vdph iru doo q1 Ohw xv yhuli| wkdw Z? @ Z?3 dv d fkhfn rq wkh g|qdplfv1
Zulwh
Z? @ p? .
]
Vk?!+g,
zkhuh p? lv wkh prqh| lq wkh edqn dw wkh hqg ri shulrg q1 Qrz














































Qrz xvh htxdwlrq +518, iru wkh g|qdplfv wr jhw/ lq frqmxqfwlrq zlwk +514,/ +516,=
Z? @ p? .
]
Vk?!+g,















+Vk?3  ek?,!+g, . s?T @ p?3 .
]
Vk?3!+g,E? .E? @ Z?3=
7
D vwudwhj| k iru djhqw  5 L vshflhv wkh elgv ek? iru doo q1 Dv zdv phqwlrqhg
deryh/ wkh elgv ek? duh Ik?3phdvxudeoh/ zkhuh Ik?3 lv d hog wkdw uhsuhvhqwv wkh
lqirupdwlrq dffxpxodwhg e| djhqw  xs wr wkh ehjlqqlqj ri shulrg q1 Ri frxuvh/





wkh vpdoohvw hog frqwdlqlqj doo wkh Ik?31
D froohfwlrq  @ ik>  5 Lj ri vwudwhjlhv lv frqvlghuhg dgplvvleoh iru rxu jdph
li/ iru hyhu| q/ wkh elgv e?+>z, @ ek?+z, duh mrlqwo| phdvxudeoh zlwk uhvshfw wr wkh
surgxfw hog
J?3 @ E+L,I?3=
+Dv Gxeh| dqg Vkdsoh| +4<<5, kdyh srlqwhg rxw/ vxfk d phdvxudelolw| dvvxpswlrq
lv vrphzkdw duwlfldo lq d qrqfrrshudwlyh jdph/ exw qhfhvvdu| lq rughu wr dyrlg d
krvw ri whfkqlfdolwlhv1 Ixuwkhupruh/ plog dvvxpswlrqv gr ohdg wr dgplvvleoh idplolhv
lq htxloleulxp1, Zh zloo frqvlghu rqo| dgplvvleoh  lq wkh vhtxho1
Dq dgplvvleoh froohfwlrq  @ ikj/ wrjhwkhu zlwk dq lqlwldo glvwulexwlrq ri zhdowk
dqg wkh g|qdplfv h{sodlqhg deryh/ ghwhuplqhv wkh glvwulexwlrqv ri doo wkh udqgrp













iru D 5 E+^3>4,,/ eh wkh lqlwldo glvwulexwlrq ri zhdowk lq wkh irup ri dw prqh|1 Dq







? +z,,!+g,> q 5 Q +51:,
fruuhvsrqglqj wr wkh glvwulexwlrq ri zhdowk lq ixwxuh wlph shulrgv q @ 4> 5> ===1







Reylrxvo|/ iZ?+z, fdqqrw h{fhhg wkh prqh| vxsso| Z dqg wkh glhuhqfh Z iZ?+z, @= p?+z, lv wkh prqh| khog e| wkh edqn1
D vwudwhj| k iru djhqw  lv fdoohg vwdwlrqdu| li lw vshflhv elgv ri wkh irup
ek?+z, @ f
k+Vk?3+z,> s?3+z,,> q 5 Q> z 5 
8
zkhuh fk = ^3>4, ^3>4, $ ^3>4, lv phdvxudeoh dqg 3  fk+v> s,  v. nk iru doo
+v> s,1 Vxfk d vwudwhj| uhtxluhv dq lqlwldo sulfh sf wr eh vshflhg sulru wr shulrg 4/ vr
wkdw ek zloo eh ghqhg1
Ghqlwlrq 5141 Zh vd| wkdw dq dgplvvleoh froohfwlrq h @ ihk>  5 Lj ri vwdwlrqdu|
vwudwhjlhv uhvxowv lq d vwdwlrqdu| Pdunry htxloleulxp +s> ,/ zkhuh s 5 +3>4, dqg 
lv d suredelolw| phdvxuh rq E+^3>4,,/ li zlwk sf @ s dqg f @ /
+l, zh kdyh s? @ s/ ? @ / ;q 5 Q/ zkhq hyhu| djhqw  sod|v wkh vwudwhj| hk/
dqg
+ll, iru hyhu|  5 L/ hq lv rswlpdo dprqj doo vwudwhjlhv iru djhqw  zkhq hyhu| rwkhu
djhqw /  9@ / sod|v hk1
515 Wkh Jdph zlwk d Prqh| Pdunhw dqg dq Hqgrjhqrxv Udwh ri
Lqwhuhvw
Wkh qrwdwlrq iru djhqwv  5 L/ dqg sulfhv s?/ zhdowk surfhvvhv Vk? / dqg xwlolw| ixqf0
wlrqv xk uhpdlqv wkh vdph1 Wkhuh lv qr orqjhu dq rxwvlgh edqn/ exw lqvwhdg wkhuh lv
d prqh| pdunhw zkhuh hdfk djhqw  fdq eruurz ru ohqg lq hdfk shulrg1
Khuh lv krz wkh prqh| pdunhw zrunv1 Hdfk djhqw  5 L kdv d zhdowk ri Vk?3+z,
dw wkh ehjlqqlqj ri shulrg q1 Li djhqw  fkrrvhv wr eruurz/ wkhq kh ru vkh elgv
lk?+z, 5 ^3> nk` lq LRX qrwhv/ zkhuh nk  3 lv dq xsshu erxqg rq LRX qrwhv doorzhg
wr djhqw 1 Li djhqw  fkrrvhv wr ohqg/ wkhq kh ru vkh rhuv dq dprxqw ck?+z, 5








eh wkh wrwdo prqh| rhuhg iru ohqglqj1 +Wkh ixqfwlrqv l?+>z, @ lk?+z,/ c?+>z, @





Li L?+z, dqg O?+z, duh erwk srvlwlyh/ wkhq dq lqwhuhvw udwh lv iruphg dv



















xqlwv ri dw prqh| lq wkh frpprglw| pdunhw1 Qrwlfh wkdw ek?+z, A V
k
?3+z, li dqg
rqo| li  lv d eruurzhu dqg ek?+z, ? V
k
?3+z, li dqg rqo| li  lv d ohqghu1
Li hlwkhu L?+z, ru O?+z, htxdov }hur/ wkh prqh| pdunhw lv forvhg dqg zh dvvxph




lq wkh frpprglw| pdunhw1 +Wklv dvvxpswlrq ri qr krduglqj lv txlwh duelwudu|1 Lw lv
qrw d fuxfldo dvvxpswlrq ehfdxvh zh zdqw wr frqvwuxfw dq htxloleulxp zlwk dq dfwlyh
ordq pdunhw zkhuh qhlwkhu L?+z, qru O?+z, lv }hur1, Lq rughu wkdw wkh lqwhuhvw udwh
dozd|v eh ghqhg/ zh vhw
u?+z, @ 4 . ?+z, =@ 4 +51<
,
lq wklv fdvh1























zkhuh Z lv wkh vxsso| ri dw prqh|/ zklfk djdlq lv khog frqvwdqw iurp shulrg wr
shulrg> vhh +5147, dqg +5148, ehorz1 Wkh vdph krogv wuxh zkhq wkh prqh| pdunhw lv
lqdfwlyh1 Wkxv wkh sulfh lv frqvwdqw
s?+z,  s =@ Z@T=
Hdfk djhqw  uhfhlyhv dv ehiruh {k?+z, @ e
k
?+z,@s+z, xqlwv ri wkh frpprglw|/ dqg




?3  ek?, . s\ k? > +5144,
dqg wklv htxdwlrq iru wkh g|qdplfv fdq eh uhzulwwhq dv
Vk? @
;?=
lk? . s\ k? > li  lv d eruurzhu>
u?ck? . s\
k
? > li  lv d ohqghu>
s\ k? > li  lv qhlwkhu=
+5145,
Wkh dvvxpswlrq ri vhfxuhg ohqglqj qrz wdnhv wkh irup
s\ k? +z,  nk= +5146,
Wklv lqvxuhv wkdw qr edqnuxswf| rffxuv vlqfh zh kdyh douhdg| dvvxphg wkdw lk?  nk1
+Xqolnh wkh vlwxdwlrq zlwk dq rxwvlgh edqn lq +517,/ rxu dvvxpswlrq ri vhfxuhg ohqglqj
lq wkh prqh| pdunhw lv qrw dhfwhg e| dq hqgrjhqrxv sulfh1,
:
Ohw xv fkhfn wkdw rxu g|qdplfv suhvhuyh wkh prqh| vxsso| dv wkh| glg zlwk dq rxw0
vlgh edqn1 Wkh wrwdo zhdowk Z? lq shulrg q lv qrz jlyhq e| Z?+z, @
U
Vk? +z,!+g,








\ k? +z,!+g, +5147,
@ L?+z, . L?+z,
O?+z,
 O?+z, . Z
T
T @ Z=
Li wkh prqh| pdunhw lv forvhg/ wkhq
Z?+z, @ s
]
\ k? +z,!+g, @
Z
T
T @ Z= +5148,
Wkxv/ wkh sulfh0 dqg lqwhuhvw0irupdwlrq uxohv +516, +51<,/ dqg +51<, jxdudqwhh wkdw
wkh prqh| vxsso| lv frqvhuyhg lq erwk fdvhv1
D vwudwhj| k iru dq djhqw  vshflhv wkh LRX elgv lk? dqg ordq rhuv c
k
? iru doo
q1 +Iru hdfk  dqg q/ dw prvw rqh ri wkh txdqwlwlhv lk?/ c
k
? lv vwulfwo| srvlwlyh1, Dv lq
wkh fdvh ri dq rxwvlgh edqn/ lk? dqg c
k
? duh Ik?3phdvxudeoh/ zkhuh Ik?3 uhsuhvhqwv
wkh lqirupdwlrq dffxpxodwhg e| djhqw  xs wr wkh ehjlqqlqj ri shulrg q1 Iru doo /
lk? dqg c
k





D froohfwlrq  @ ik>  5 Lj lv qrz fdoohg dgplvvleoh li/ iru hyhu| q/ wkh LRX
elgv l?+>z, @ lk?+z, dqg ordq rhuv c?+>z, @ c
k
?+z, duh mrlqwo| phdvxudeoh zlwk
uhvshfw wr
J?3 @ E+L,I?3=
Dv zlwk dq rxwvlgh edqn/ dq dgplvvleoh froohfwlrq  @ ikj dqg dq lqlwldo glvwulexwlrq
ri zhdowk f dv lq +51:, ghwhuplqh wkh glvwulexwlrqv ri doo wkh udqgrp yduldeohv zh
kdyh ghqhg/ dorqj zlwk ixwxuh zhdowk glvwulexwlrqv i?> q  4j dv lq +51;, dqg
h{shfwhg sd|rv ihkj dv lq +519,/ iru doo djhqwv1 Qrwlfh wkdw iru hyhu| q wkh lqwhuhvw
udwh u?+z, lv I?3phdvxudeoh dqg wkdw wkh frpprglw| elgv e?+>z, @ ek?+z, duh
J?3phdvxudeoh/ dv duh wkh zhdowk surfhvvhv V?3+>z, @ Vk?3+z,1
Iru wkh prqh| pdunhw jdph/ d vwdwlrqdu| vwudwhj| k vshflhv LRX elgv dqg ordq





zkhuh lk dqg ck duh phdvxudeoh pdsslqjv iurp ^3>4,  ^3>4, wr ^3>4` vxfk wkdw
3  lk+v> u,  nk/ 3  ck+v> u,  v/ dqg lk+v> u,ck+v> u, @ 3 iru doo +v> u,1 Vxfk d
vwudwhj| uhtxluhv wkh vshflfdwlrq ri dq lqlwldo lqwhuhvw udwh uf iru wkh ghqlwlrq ri lk
dqg ck 1
;
Ghqlwlrq 5151 Dq dgplvvleoh froohfwlrq h @ ihk>  5 Lj ri vwdwlrqdu| vwudwhjlhv
lv vdlg wr uhvxow lq d vwdwlrqdu| Pdunry htxloleulxp +u> ,/ zkhuh u 5 +3>4, dqg  lv
d phdvxuh rq E+^3>4,,/ li/ zlwk uf @ u dqg f @ /
+l, zh kdyh u? @ u/ ? @ / ;q 5 Q/ zkhq hyhu| djhqw  sod|v wkh vwudwhj| hk/
+ll, ; 5 L / hq lv rswlpdo iru djhqw  dprqj doo vwudwhjlhv iru djhqw  zkhq hyhu|
djhqw /  9@ / sod|v hk1
6 Irupxodwlrq ri wkh Rqh0Shuvrq Jdph
dv d G|qdplf Surjudpplqj Sureohp
Frqvlghu d vlqjoh djhqw sod|lqj lq hlwkhu wkh jdph zlwk dq rxwvlgh edqn ru zlwk d
prqh| pdunhw1 Li wkh pdq|0shuvrq jdph lv lq d vwdwlrqdu| htxloleulxp lq wkh vhqvh
ri Ghqlwlrq 514 ru 515/ wkhq wklv djhqw idfhv d glvfrxqwhg g|qdplf surjudpplqj
sureohp lq zklfk wkh lqwhuhvw udwhv u dqg u2 dqg wkh sulfh s duh {hg sdudphwhuv1
Ri frxuvh/ u @ u2 lq wkh fdvh ri wkh prqh| pdunhw1
Wkh nh| wr rxu frqvwuxfwlrq ri vwdwlrqdu| htxloleuld iru wkh pdq|0shuvrq jdphv lv
lq wkh dqdo|vlv ri wklv rqh0shuvrq g|qdplf surjudpplqj sureohp1 Wkh vdph dqdo|vlv
zrunv iru erwk wkh prgho zlwk dq rxwvlgh edqn dqg wkh prqh| pdunhw prgho1
Khuh duh wkh edvlf lqjuhglhqwv iru wkh g|qdplf surjudpplqj sureohp=
+614, Wkh vwdwh vsdfh V @ ^3>4,1 D vwdwh v 5 V uhsuhvhqwv wkh zhdowk ri wkh djhqw
lq dw prqh|1
+615, Wkh xwlolw| ixqfwlrq x = V $ V lv frqfdyh/ qrqghfuhdvlqj/ x+3, @ 3/ dqg x kdv
d qlwh ghulydwlyh iurp wkh uljkw dw 31 Zh zulwh x+3, @ xn+3,1
+616, Wkh dfwlrq vhwv E+v, @ ^3> v.n` iru v 5 V zkhuh n A 31 Zh lqwhusuhw wkh
djhqw*v fkrlfh ri dq dfwlrq e 5 E+v, dv d ghflvlrq wr sxufkdvh e@s xqlwv ri wkh
frpprglw|/ zkhuh s 5 +3>4, lv wkh sulfh ri wkh frpprglw|1
+617, Wkh uhzdug ixqfwlrq u+v> e, @ x+e@s, uh hfwv rxu lqwhusuhwdwlrq wkdw wkh djhqw
uhfhlyhv xwlolw| x+e@s, iurp wkh frqvxpswlrq ri klv ru khu frpprglw| sxufkdvh1
Zh lqwurgxfh wkh ixqfwlrq u rqo| wr pdnh wkh frqqhfwlrq wr g|qdplf surjudp0
plqj dqg zloo qrw xvh lw ixuwkhu1
+618, Wkh odz ri prwlrq ghwhuplqhv wkh glvwulexwlrq t+mv> e, ri wkh qh{w vwdwh V iru
dq djhqw dw vwdwh v zkr vhohfwv dfwlrq e e| wkh uxoh
V @ j+v e, . s\
zkhuh \ lv d qrqqhjdwlyh/ lqwhjudeoh udqgrp yduldeoh zlwk d jlyhq glvwulexwlrq
/ dqg j+, lv jlyhq e| +519,1 Wkh srvlwlyh frqvwdqwv u @ 4./ u2 @ 4.2 duh
lqwhusuhwhg dv wkh lqwhuhvw udwhv iru eruurzlqj dqg ohqglqj/ uhvshfwlyho|1 Wkh
dvvxpswlrq s\  un jxdudqwhhv wkdw ordqv fdq dozd|v eh sdlg edfn1
<
+619, Wkh glvfrxqw idfwru  5 +3> 4,1
Zh dvvxph dv lq Vhfwlrq 514 wkdw 3 ? u2  u  4@1
D sod|hu ehjlqv dw vrph vwdwh vf dqg vhohfwv d sodq  @ +> 2> === , zkhuh ?
pdnhv d phdvxudeoh fkrlfh ri wkh dfwlrq e? rq gd| q dv d ixqfwlrq ri wkh vhtxhqfh
+vf> e> v> ===> e?3> v?3, ri suhylrxv vwdwhv dqg dfwlrqv1 Wkh sodq  lv vwdwlrqdu| li
lw lv ri wkh irup e? @ f+v?3,/ iru doo q/ dqg vrph phdvxudeoh ixqfwlrq f = V $ ^3>4,
vxfk wkdw f+v, 5 E+v,1 Zh zloo fdoo vxfk d f d frqvxpswlrq ixqfwlrq1
D sodq / wrjhwkhu zlwk wkh odz ri prwlrq/ ghwhuplqhv wkh glvwulexwlrq ri wkh
vwrfkdvwlf surfhvv vf> e> v> e2> === ri vwdwhv dqg dfwlrqv1 Wkh uhwxuq ixqfwlrq ri d







> v 5 V= +51:,
Wkh rswlpdo uhwxuq ru ydoxh ixqfwlrq lv ghqhg e|
Y +v, =@ vxs
Z
L+,+v,> v 5 V= +51;,
D sodq  lv rswlpdo li Y @ L+,1
Li x lv erxqghg/ wkhq rxu sureohp lv d glvfrxqwhg g|qdplf surjudpplqj sureohp
dv ghqhg e| Eodfnzhoo +4<98,1 Lw iroorzv iurp rxu dvvxpswlrqv +615, derxw x wkdw x
lv grplqdwhg iurp deryh e| wkh olqhdu ixqfwlrq i+{, @ x+3,{1 Wklv lv vx!flhqw/ dv
lw zdv lq NVV +4<<7,/ iru pdq| ri Eodfnzhoo*v uhvxowv1
Lq sduwlfxodu/ Y vdwlvhv wkh Ehoopdq htxdwlrq
Y +v, @ vxs
f$K$rn&
^x+e@s, . HY +j+v e, . s\ ,`= +51<,
Zh lqwurgxfh wkh rshudwru W ghqhg iru Eruho ixqfwlrqv # = ^3>4, $ ^3>4, e|
+W#,+v, @ vxs
f$K$rn&
^x+e@s, . H#+j+v e, . s\ ,`= +5143,
Wkhq +61<, fdq eh zulwwhq lq wkh irup
WY @ Y=
Khuh lv wkh zhoo0nqrzq fkdudfwhul}dwlrq ri rswlpdo vwdwlrqdu| sodqv jlyhq e|
Eodfnzhoo +4<98,1 Wkh h{whqvlrq wr rxu vlwxdwlrq lv vwudljkwiruzdug dqg zh rplw
wkh surri1
Wkhruhp 6141 Iru d vwdwlrqdu| sodq  fruuhvsrqglqj wr wkh frqvxpswlrq ixqfwlrq
f/ wkh iroorzlqj frqglwlrqv duh htxlydohqw=
+d, L+, @ Y 1
+e, Y +v, @ x+f+v,@s, . HY +j+v f+v,, . s\ ,> v 5 V1
+f, W +L+,, @ L+,1
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Xqghu rxu dvvxpswlrqv wkh ydoxh ixqfwlrq Y lv frqwlqxrxv +dqg dovr frqfdyh dqg
qrqghfuhdvlqj,1 Wklv fdq eh vkrzq gluhfwo|/ ru e| xvlqj wkh phwkrgv ri Fkdswhu L lq
Ehoopdq +4<8:,1 Khqfh/ iru hyhu| v/ wkh pd{lpxp rq wkh uljkw0kdqg vlgh ri +61<, lv
dwwdlqhg dw vrph e @ f+v,1 E| wkh wkhruhp deryh/ f ghwhuplqhv dq rswlpdo vwdwlrqdu|
sodq 1
Fruroodu| 6151 Wkhuh h{lvwv dq rswlpdo vwdwlrqdu| sodq1
Lq jhqhudo/ wkh rswlpdo vwdwlrqdu| sodq qhhg qrw eh xqltxh/ dv lv looxvwudwhg e|
h{dpsohv lq Md|dzdughqh +4<<6,1 Lw lv xqltxh zkhq x lv vwulfwo| frqfdyh1 Pxfk pruh
ghwdlohg lqirupdwlrq derxw wkh rswlpdo sodq zloo eh jlyhq lq Vhfwlrq 91
Ohw  eh dq rswlpdo vwdwlrqdu| sodq fruuhvsrqglqj wr wkh ixqfwlrq f1 Zh zloo
vrphwlphv zulwh f+v, @ f+v> , zkhuh  lv vrph vxevhw ri wkh sdudphwhuv +u> u2> s,1
Iru h{dpsoh/ zkhq zh duh frqwhpsodwlqj wkh pdq|0shuvrq jdph zlwk dq rxwvlgh edqn/
zh vrphwlphv zulwh f+v, @ f+v> s, wr hpskdvl}h wkh ghshqghqfh rq wkh hqgrjhqrxv
sulfh s1 Li zh sodq dq dssolfdwlrq wr wkh jdph zlwk d prqh| pdunhw/ zh pd| zulwh
f+v, @ f+v> u, vlqfh lw lv wkh lqwhuhvw udwh zklfk fdq fkdqjh lq wkdw jdph1
Li dq djhqw sod|v dffruglqj wr f lq wkh prqh| pdunhw jdph dw htxloleulxp zlwk
lqwhuhvw udwh u/ zh fdq zulwh
l+v, @

u+f+v> u, v, > li f+v> u, A v
3 > rwkhuzlvh

iru wkh djhqw*v LRX elg/ dqg
c+v, @

v f+v> u, > li v  f+v> u,
3 > rwkhuzlvh

iru wkh djhqw*v ordq rhu1 Wkxv wkh fkrlfh ri f lv htxlydohqw wr vshfli|lqj l dqg c1
Vxssrvh qrz wkdw d sod|hu ehjlqv dw Vf @ v dqg sod|v dffruglqj wr wkh vwdwlrqdu|
sodq  dvvrfldwhg zlwk wkh ixqfwlrq f1 Wkhq wkh surfhvv Vf> V> === ri vxffhvvlyh vwdwhv
lv d Pdunry fkdlq zlwk wudqvlwlrqv jlyhq e|
V?n @ j+V?  f+V?,, . s\?n> q 5 Qf +5144,
zkhuh \> \2> === duh LLG zlwk glvwulexwlrq 1 D edvlf dvvxpswlrq lq wkh qh{w vhfwlrq
zloo eh wkdw wklv fkdlq kdv d vwdwlrqdu| glvwulexwlrq zlwk qlwh phdq1 Vx!flhqw
frqglwlrqv iru wklv dvvxpswlrq wr eh vdwlvhg zloo eh jlyhq lq Vhfwlrq 91
7 Wkh Frqvwuxfwlrq ri Vwdwlrqdu| Pdunry Htxloleulxp
Lq wklv vhfwlrq zh vkrz krz wr frqvwuxfw d vwdwlrqdu|Pdunry htxloleulxp iru wkh jdph
zlwk dq rxwvlgh edqn dqg dovr iru wkh jdph zlwk d prqh| pdunhw1 Wkh frqvwuxfwlrq
ghshqgv rq wzr edvlf dvvxpswlrqv= 41 Hdfk djhqw xvhv d vwdwlrqdu| sodq/ zklfk lv
rswlpdo iru wkh rqh0shuvrq jdph dqg iru zklfk wkh dvvrfldwhg Pdunry fkdlq kdv d
vwdwlrqdu| glvwulexwlrq zlwk qlwh phdq1 51 Wkh errnv edodqfh/ lq wkh vhqvh wkdw
lqwhuhvw sdlg e| eruurzhuv htxdov wkdw uhfhlyhg e| ohqghuv1
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Wkh frqvwuxfwlrq lv pxfk vlpsohu zkhq doo wkh djhqwv duh krprjhqhrxv/ lq wkh
vhqvh wkdw wkh| doo kdyh wkh vdph xwlolw| ixqfwlrq xk @ x dqg lqfrph glvwulexwlrq
k @  iru doo  5 L1 Zh zloo frqvlghu uvw dq rxwvlgh edqn zlwk krprjhqhrxv
djhqwv/ dqg wkhq d prqh| pdunhw zlwk krprjhqhrxv djhqwv1 Zh zloo wkhq jr rq wr
wuhdw hdfk prgho zlwk frxqwdeo| pdq| w|shv ri djhqwv1
714 Wkh Jdph zlwk dq Rxwvlgh Edqn dqg Krprjhqhrxv Djhqwv
Il{ d sulfh s 5 +3>4, dqg lqwhuhvw udwhv u @ 4 . / u2 @ 4. 2 zlwk 3 ? u2  u 
4@1
Khuh lv wkh irup ri rxu wzr edvlf dvvxpswlrqv iru wklv fdvh1
Dvvxpswlrq 7141 Dvvxph wkdw wkh rqh0shuvrq sureohp ri Vhfwlrq 6 kdv dq rswlpdo
vwdwlrqdu| vwudwhj|  fruuhvsrqglqj wr f+v, @ f+v> s, dqg wkdw wkh Pdunry fkdlq ri
+6144, kdv dq lqyduldqw glvwulexwlrq  @ +> s, vxfk wkdw U v+gv, ? 41
Dvvxpswlrq 7151 Xqghu wkh vwdwlrqdu| zhdowk glvwulexwlrq / wkh edqn edodqfhv








Wklv htxdolw| vlpso| vd|v wkdw xqghu wkh zhdowk glvwulexwlrq / li doo wkh djhqwv sod|
dffruglqj wr / wkhq wkh lqwhuhvw sdlg e| wkh edqn wr ghsrvlwruv lv wkh vdph dv wkdw
sdlg e| eruurzhuv wr wkh edqn1




Surri1 Ohw Vf> V> === eh wkh Pdunry fkdlq ri +6144,/ dqg zulwh +6144, iru q @ 4 dv
V @

+4 . ,+Vf  f+Vf,, . s\ > li Vf  f+Vf,
+4 . 2,+Vf  f+Vf,, . s\ > li Vf A f+Vf,= +715,
Vxssrvh Vf kdv wkh +vwdwlrqdu|, glvwulexwlrq / dqg vr V kdv glvwulexwlrq  dovr1






+v f+v,,+gv, . 2
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r:SEr




Wkh qdo htxdolw| lv e| Dvvxpswlrq 7151 
Wkhruhp 7171 Xqghu Dvvxpswlrqv 714 dqg 715/ wkh idplo|  @ ik>  5 Lj zlwk
k @  iru doo  5 L/ uhvxowv lq d vwdwlrqdu| Pdunry htxloleulxp +s> , iru zklfk wkh
{hg lqwhuhvw udwhv duh u/ u21
Surri1 Dv lq NVV +4<<7,/ xvh wkh whfkqltxh ri Ihogpdq dqg Jloohv +4<;8, wr frqvwuxfw
wkh lqfrph yduldeohv \?+>z, @ \ k? +z, vr wkdw
45
+l, iru hyhu| jlyhq  5 L= \+> ,> \2+> ,>    duh LLG zlwk glvwulexwlrq /
+ll, iru hyhu| jlyhq z 5 = \+> z,> \2+> z,>    duh LLG zlwk glvwulexwlrq 1
Wkhq wkh Pdunry fkdlq
V?+>z, @ j+V?3+>z, f+V?3+>z,> s,, . s\?+>z,
kdv wkh vdph g|qdplfv iru hdfk {hg  dqg hdfk {hg z1
E| Dvvxpswlrq 714/  lv d vwdwlrqdu| glvwulexwlrq iru wkh fkdlq V?+> , iru hdfk
/ dqg frqvhtxhqwo| lv dovr d vwdwlrqdu| glvwulexwlrq iru wkh fkdlq V?+> z, iru hdfk
z/ xqghu wkh dvvxpswlrq wkdw wkh hqgrjhqrxv sulfhv s?+z, uhpdlq htxdo wr s1
Dvvxph wkdw sf @ s dqg wkdw wkh lqlwldo zhdowk glvwulexwlrq f @ 1 Wdnh h{shf0













Vlqfh  lv dq lqyduldqw glvwulexwlrq iru wkh fkdlq/ zh dovr kdyh  @ 1
E| lqgxfwlrq/ s? @ s dqg ? @  iru doo q1
Zh kdyh yhulhg fodxvh +l, ri Ghqlwlrq 5141 Fodxvh +ll, iroorzv iurp wkh rswlpdolw|
ri  lq wkh rqh0shuvrq jdph/ wrjhwkhu zlwk wkh idfw wkdw d fkdqjh ri vwudwhj| e| d
vlqjoh sod|hu fdqqrw dhfw wkh ydoxh ri wkh sulfh1 
715 Wkh Jdph zlwk d Prqh| Pdunhw dqg Krprjhqhrxv Djhqwv
Dv lq wkh suhylrxv vhfwlrq/ zh dvvxph wkdw xk @ x dqg k @  iru doo 1 Il{ wkh
sulfh s @ Z@T dqg d vlqjoh lqwhuhvw udwh u @ 4 .  A 31
Rxu wzr edvlf dvvxpswlrqv duh qrz dv iroorzv=
Dvvxpswlrq 7181 Wkhuh lv dq rswlpdo vwudwhj|  iru wkh rqh0shuvrq sureohp fru0
uhvsrqglqj wr f+v, @ f+v> u, vxfk wkdw wkh Pdunry fkdlq ri +6144, kdv dq lqyduldqw
glvwulexwlrq  @ +> u, zlwk U v+gv, ? 41
Dvvxpswlrq 7191 Xqghu wkh zhdowk glvwulexwlrq / wkh dprxqw eruurzhg htxdov wkh





+v f+v,,+gv, 9@ 3= +716,




Wkhruhp 71:1 Xqghu Dvvxpswlrqv 7=8 dqg 7=9/ wkh idplo|  @ ik>  5 Lj/ zlwk
k @  dv lq Dvvxpswlrq 7=8 iru doo  5 L/ uhvxowv lq d vwdwlrqdu| Pdunry htxloleulxp
+u> , iru zklfk wkh {hg sulfh lv s1
46
Surri1 Frqvwuxfw wkh yduldeoh \?+>z, @ \ k? +z, h{dfwo| dv lq wkh surri ri Wkhruhp
7171 Wkhq wkh Pdunry fkdlq
V?+>z, @ u+V?3+>z, f+V?3+>z,> u,, . s\?+>z,
kdv wkh vdph g|qdplfv iru hdfk {hg  dqg hdfk {hg z1
E| Dvvxpswlrq 718/  lv d vwdwlrqdu| glvwulexwlrq iru wkh fkdlq V?+> , iru hdfk
 dqg wkhuhiruh lv dovr d vwdwlrqdu| glvwulexwlrq iru wkh fkdlq V?+> z, iru hdfk z/ li
wkh hqgrjhqrxv lqwhuhvw udwhv u?+z, uhpdlq htxdo wr wkh {hg ydoxh u1















zkhuh wkh odvw olqh lv e| +716, ri Dvvxpswlrq 7191 Vlqfh  lv lqyduldqw iru wkh fkdlq/
zh dovr kdyh  @ 1
E| lqgxfwlrq/ u? @ u dqg ? @  iru doo q/ zklfk yhulhv +l, ri Ghqlwlrq 5151
Fodxvh +ll, iroorzv iurp wkh rswlpdolw| ri  lq wkh rqh0shuvrq jdph dqg wkh idfw wkdw
d vlqjoh sod|hu fdqqrw dhfw wkh lqwhuhvw udwh1 
716 Dq Rxwvlgh Edqn dqg Frxqwdeo| Pdq| W|shv ri Djhqwv
Lq wklv vhfwlrq wkh qrwdwlrq dqg pxfk ri wkh dujxphqw uhvhpeohv Vhfwlrq :19 ri NVV
+4<<7,1
Vxssrvh wkdw wkh vsdfh ri djhqwv L lv phdvxudeo| sduwlwlrqhg lqwr d qlwh ru
frxqwdeo| lqqlwh froohfwlrq ri w|shv iL&j1 Djhqwv ri wkh vdph w|sh n duh dvvxphg wr
kdyh wkh vdph xwlolw| ixqfwlrq x& dqg lqfrph glvwulexwlrq &1 Dvvxph dovr wkdw/ iru
hdfk n/ z& =@ !+L&, A 31 Wkxv/ lq sduwlfxodu/ wkhuh duh xqfrxqwdeo| pdq| djhqwv ri
hdfk w|sh1
Il{ d sulfh s 5 +3>4, dqg lqwhuhvw udwhv u @ 4 . / u2 @ 4 . 2 zlwk 3 ? u 
u2  4@1
Khuh duh rxu idploldu dvvxpswlrqv voljkwo| uhirupxodwhg1
Dvvxpswlrq 71;1 Dvvxph wkdw/ iru hdfk w|sh n ri djhqw/ wkh rqh0shuvrq jdph
zlwk wkh jlyhq sdudphwhuv kdv dq rswlpdo vwdwlrqdu| vwudwhj| & fruuhvsrqglqj wr
f&+v, @ f&+v> s, dqg wkdw wkh dvvrfldwhg Pdunry fkdlq kdv d vwdwlrqdu| glvwulexwlrq
& @ &+> s, zlwk qlwh phdq1











iru doo D 5 E+^3>4,,1 +Fi1 +:17, ri NVV +4<<7,1,
Dv lq NVV +4<<7,/ zh djjuhjdwh wkhvh vwdwlrqdu| glvwulexwlrqv wr irup




iru D 5 E+^3>4,, zkhuh zh duh xvlqj wkh qrwdwlrq k @ & iru doo  5 L& dqg doo
n1 Lw lv wklv djjuhjdwh phdvxuh  zklfk qrz sod|v wkh uroh ri d vwdwlrqdu| zhdowk
glvwulexwlrq1




+v f&+v> s,,&+gv> s, @ 	&z&
]
r$S&ErcR
+f&+v> s, v,&+gv> s,=
Wkh ohiw0kdqg vlgh ri wklv htxdolw| uhsuhvhqwv wkh wrwdo lqwhuhvw sdlg wr ghsrvlwruv
ri doo w|shv dqg wkh uljkw0kdqg vlgh lv wkh wrwdo lqwhuhvw sdlg e| eruurzhuv ri doo
w|shv1 Revhuyh wkdw wkh errnv qhhg qrw edodqfh iru d jlyhq w|sh ri djhqw frqvlghuhg
lq lvrodwlrq iurp rwkhu w|shv1 Lw frxog kdsshq wkdw rqh w|sh ri djhqw lv fdvk0srru/
exw kdv vx!flhqw lqfrph wr qdqfh ordqv iurp d vhfrqg w|sh ri fdvk0ulfk djhqwv1














zkhuh fk @ f& iru  5 L&1
Surri1 Wkh vhfrqg htxdolw| lv e| ghqlwlrq ri  lq +719,1 Wr suryh wkh uvw htxdolw|/
wdnh h{shfwdwlrqv lq htxdwlrq +518, iru wkh g|qdplfv ri dq djhqw 1 Dvvxph q @ 4 dqg
wkdw Vkf kdv wkh lqyduldqw glvwulexwlrq 













+v fk+v,,k+gv, . sH\ k=
Vlqfh HVk @ HV
k








Qrz lqwhjudwh zlwk uhvshfw wr / xvlqj Dvvxpswlrq 71< dqg uhphpehulqj wkdw fk @ f&/



















TS +gz, @ sT=
Wkh qh{w wr odvw htxdolw| lv e| rxu vwdqglqj dvvxpswlrq wkdw wkh wrwdo hqgrzphqw lv
wkh qrqudqgrp txdqwlw| T1 
Wkhruhp 71441 Xqghu Dvvxpswlrqv 7=; dqg 7=</ wkh idplo| ri vwudwhjlhv  @ ikj
zlwk k @ & iru doo  5 L& dqg doo n/ uhvxowv lq d vwdwlrqdu| Pdunry htxloleulxp
+s> , iru zklfk wkh {hg lqwhuhvw udwhv duh u/ u21
Surri1 Xvh wkh IhogpdqJloohv frqvwuxfwlrq wr rewdlq iru hdfk n dqg doo q @ 4> 5> ===
ixqfwlrqv &\ k >
&\ k2 > === wr uhsuhvhqw wkh gdlo| hqgrzphqwv iru dq djhqw  5 L&1




!i 5 L& = Vk? +z, 5 Dj
iru D 5 E+^3>4,, dqg q @ 3> 4> ===1 Wkh phdvxuh &? fruuhvsrqgv wr wkh glvwulexwlrq
ri zhdowk gxulqj shulrg q dprqj djhqwv ri w|sh n1 Wkh phdvxuh ? uhsuhvhqwlqj wkh
glvwulexwlrq ri zhdowk dprqj doo djhqwv fdq eh zulwwhq
?+D>z, @ 	&
&?+D>z,z&=
Wr yhuli| fodxvh +l, ri Ghqlwlrq +514,/ dvvxph wkdw sf+z, @ s dqg &f+> z, @
&+> s,1 +Vr/ lq sduwlfxodu/ f+> z, @ +> s,1, Wkh surri wkdw s+z, @ s dqg
&+> z, @ &+> s, +dqg vr +> z, @ +> s,, lv doprvw h{dfwo| wkh vdph dv wkh
surri ri Wkhruhp :1: lq NVV +4<<7,1 Mxvw xvh Ohppd 7143 iru wkh fdofxodwlrq +:1;,
lq NVV +4<<7,/ dqg xvh +718, wr uhsodfh +:17, lq wkh qdo fdofxodwlrq1
Wkh surri ri fodxvh +ll, ri Ghqlwlrq +514, dsshdov dv xvxdo wr wkh rswlpdolw| ri
hdfk & lq wkh fruuhvsrqglqj rqh0shuvrq jdph dqg wr wkh idfw wkdw qr vlqjoh djhqw
fdq dhfw wkh sulfh1 
717 D Prqh| Pdunhw dqg Frxqwdeo| Pdq| W|shv ri Djhqwv
Dv lq wkh suhylrxv vhfwlrq wkh vsdfh ri djhqwv L lv sduwlwlrqhg lqwr d qlwh ru frxqwdeoh
froohfwlrq ri w|shv iL&j1 Wkh vdph qrwdwlrq x&/ &/ dqg z& @ !+L&, lv xvhg iru wkh
xwlolw| ixqfwlrq/ lqfrph glvwulexwlrq/ dqg sursruwlrq ri djhqwv ri w|sh n/ uhvshfwlyho|1
Dv lq Vhfwlrq 715 zh { d sulfh s @ Z@T dqg d vlqjoh lqwhuhvw udwh u @ 4. A 31
Khuh lv wkh odvw yduldwlrq rq rxu wzr edvlf dvvxpswlrqv1
Dvvxpswlrq 71451 Dvvxph wkdw/ iru hdfk w|sh n ri djhqw/ wkh rqh0shuvrq jdph
zlwk wkh jlyhq sdudphwhu kdv dq rswlpdo vwdwlrqdu| vwudwhj| & fruuhvsrqglqj wr
f&+v, @ f&+v> u, dqg wkdw wkh dvvrfldwhg Pdunry fkdlq kdv d vwdwlrqdu| glvwulexwlrq
& @ &+> u, zlwk qlwh phdq1
49
Uhfdoo iurp Vhfwlrq 6 wkdw zh fdq h{suhvv wkh LRX elg lE&+v, dqg ordq rhu cE&+v,
iru dq djhqw  5 L& zkr sod|v & e|
lk+v, @ lE&+v, @

u+f&+v, v, > li f&+v, A v
3 > li qrw>
ck+v, @ cE&+v, @

v f&+v, > li f&+v, ? v
3 > li qrw=










iru doo D 5 E+^3>4,,1 Dv lq wkh suhylrxv vhfwlrq zh djjuhjdwh wkh vwdwlrqdu| glvwule0









iru doo D 5 E+^3>4,, zkhuh zh vhw k @ & iru  5 L&1
Dvvxpswlrq 71461 Xqghu wklv djjuhjdwh zhdowk glvwulexwlrq zh dvvxph wkdw wkh












+v f&+v,,&+gv, 9@ 3= +71<,
Wkhruhp 71471 Xqghu dvvxpswlrqv +7=45, dqg +7=46,/ wkh idplo| ri vwudwhjlhv  @
ikj zlwk k @ & iru  5 L&/ uhvxowv lq d vwdwlrqdu| frpshwlwlyh htxloleulxp +u> ,
iru zklfk wkh {hg sulfh lv s1
Surri1 Frqvwuxfw wkh yduldeohv &\ k? +z, dqg ghqh wkh phdvxuh
&? h{dfwo| dv lq wkh
surri ri Wkhruhp 71441 Ghqh uf+z, @ u dqg &f+> z, @ &+> u, iru doo n vr wkdw lq






























zkhuh wkh qdo htxdolw| lv e| Dvvxpswlrq 71461 Wkh surri wkdw &+> z, @ &+> u,
iru doo n +dqg vr +> z, @ +> u,, xvhv +71:, dqg wkhq iroorzv wkh surri ri Wkhruhp
:1: lq NVV +4<<7,1
Fodxvh +l, ri Ghqlwlrq 714 qrz iroorzv iurp lqgxfwlrq1 Wkh surri ri fodxvh +ll,
lv e| qrz idploldu1 
Uhpdun 71471 Wkh uhvxowv ri wklv dqg wkh suhylrxv vhfwlrq fdq eh h{whqghg wr wkh
fdvh ri xqfrxqwdeo| pdq| djhqwv/ dv lq Uhpdun :1; ri NVV +4<<7,1
718 Wkh Vxevwlwxwlrq ri d Edqn iru d Prqh| Pdunhw dqg Ylfh0Yhuvd
Vxssrvh wkh jdph zlwk d prqh| pdunhw +dv lq Vhfwlrq 715 ru 717, vdwlvhv wkh edvlf
dvvxpswlrqv dqg wkhuhiruh kdv d vwdwlrqdu| Pdunry htxloleulxp +u> , iru d jlyhq
sulfh s1 Wkhq wkh prqh| pdunhw fdq eh uhsodfhg e| d edqn lq wkh vhqvh wkdw wkh
fruuhvsrqglqj jdph zlwk dq rxwvlgh edqn kdv wkh htxloleulxp +s> , iru wkh {hg
udwhv u @ u2 @ u1 Wklv lv ehfdxvh wkh edvlf dvvxpswlrqv iru dq rxwvlgh edqn duh dovr
vdwlvhg1
Frqyhuvho|/ li wkh jdph zlwk dq rxwvlgh edqn vdwlvhv wkh edvlf dvvxpswlrqv ohdg0
lqj wr d vwdwlrqdu| Pdunry htxloleulxp +s> , iru zklfk wkh {hg udwhv duh u @ u2 @
u 9@ 4/ wkhq wkh edqn fdq eh uhsodfhg e| d prqh| pdunhw1 Krzhyhu/ li u @ u2 @ u @ 4/
lw pd| qrw eh srvvleoh wr uhsodfh wkh edqn e| d prqh| pdunhw1 Lq wkh uvw h{dpsoh ri
wkh qh{w vhfwlrq/ d vlwxdwlrq dulvhv lq zklfk hyhu| djhqw lv d eruurzhu1 Wklv fdxvhv qr
wurxeoh iru d edqn li doo wkh djhqwv sd| edfn wkh dprxqwv wkh| eruurz/ exw d prqh|
pdunhw lv lpsrvvleoh vlqfh wkhuh duh qr ohqghuv1 Wkh vhfrqg h{dpsoh dovr vkrzv d
edqn pd| zrun zkhq d prqh| pdunhw idlov1
8 Vrph H{dpsohv
D phwkrg iru frqvwuxfwlqj d vwdwlrqdu| Pdunry htxloleulxp zdv suhvhqwhg lq wkh
suhylrxv vhfwlrq1 Qrz zh zloo dsso| wkh phwkrg lq vrph vlpsoh h{dpsohv1 Wr gr vr/
zh kdyh/ lq hdfk h{dpsoh/ wr qg wkh rswlpdo sodq  iru d fodvv ri rqh0shuvrq g|qdplf
surjudpplqj sureohpv dqg wkhq fkhfn wkdw  lv rswlpdo e| vkrzlqj wkdw lwv uhwxuq
ixqfwlrq L+, vdwlvhv wkh Ehoopdq htxdwlrq= W +L+,, @ L+, dv lq Wkhruhp 6141 Lq
wkh h{dpsohv ri wklv vhfwlrq/ zh zloo rplw wkh vwudljkwiruzdug/ whglrxv yhulfdwlrqv ri
wkh Ehoopdq htxdwlrq1 Wkh ghwdlov duh jlyhq iru rqh ri wkh h{dpsohv lq dq dsshqgl{1
Wkh h{dpsohv kdyh ehhq vhohfwhg wr looxvwudwh ydulrxv srvvlelolwlhv1 Lq H{dpsoh
814 wkhuh lv d wulyldo htxloleulxp zlwk dq rxwvlgh edqn/ exw qr vwdwlrqdu| prqh|
pdunhw htxloleulxp h{fhsw iru wkh vrphzkdw xqvwdeoh vlwxdwlrq zkhuh u @ 4@ dqg
djhqwv duh lqglhuhqw ehwzhhq eruurzlqj dqg ohqglqj1 H{dpsoh 815 surylghv dqrwkhu
vlwxdwlrq lq zklfk lw lv hdv| wr qg d vwdwlrqdu| htxloleulxp zlwk dq rxwvlgh edqn
exw gholfdwh wr gr vr zlwk d prqh| pdunhw1 Wkh gl!fxow| zlwk wkh prqh| pdunhw
lv odujho| gxh wr wkh idfw wkdw lq H{dpsoh 815 wkh xwlolw| ixqfwlrq vdwxudwhv dw d
qlwh ohyho1 Lq H{dpsoh 816 zh frqvlghu d qrqvdwxudwlqj xwlolw| dqg qg d prqh|
pdunhw vroxwlrq1 H{dpsoh 817 kdv dq rxwvlgh edqn vroxwlrq zkhuh wkh edqn fkdujhv
d kljkhu lqwhuhvw udwh wr eruurzhuv wkdq lw sd|v wr ghsrvlwruv1 Lq H{dpsoh 818/ zh
4;
frqvwuxfw d vwdwlrqdu| htxloleulxp iru d jdph zlwk wzr w|shv ri djhqwv1 Lq doo ri wkh
rwkhu h{dpsohv/ djhqwv duh dvvxphg wr eh krprjhqhrxv1 Wkh odvw h{dpsoh wuhdwv d
qrqvwrfkdvwlf vlwxdwlrq zkhuh dq dqdo|wlf vroxwlrq wxuqv rxw wr eh txlwh hdv|1
H{dpsoh 8141 D Olqhdu Xwlolw| Ixqfwlrq1 Vxssrvh wkdw iru doo  5 L dqg { 
3/ xk+{, @ x+{, @ {1 Dvvxph dovr wkdw wkh lqfrph yduldeohv \ k? kdyh wkh vdph
glvwulexwlrq  dqg zulwh \ iru d jhqhulf yduldeoh zlwk wklv glvwulexwlrq1
Frqvlghu uvw wkh rqh0shuvrq jdph zlwk {hg sdudphwhuv s dqg u @ u2 @ u @ 4.
zkhuh s A 3/ 3 ? u ? 4@ dqg s\  un1 Wkh xqltxh rswlpdo sodq  lv wr eruurz
xs wr wkh olplw n dqg vshqg hyhu|wklqj1 Wkxv  fruuhvsrqgv wr wkh frqvxpswlrq
ixqfwlrq f+v, @ v.n iru doo v1 Wkh Pdunry fkdlq ri +6144, vdwlvhv
V?n @ u+V?  +V? . n,, . s\?n
@ un . s\?n > q  3=
Reylrxvo|/ wkh vwdwlrqdu| glvwulexwlrq  ri wklv fkdlq lv wkh glvwulexwlrq ri un.s\ 1







@ v. n .
"[
?'
?+un . sH\?n . n,
@ v. n .

4  +sH\  n,=
Lw lv hdv| wr vhh wkdw T vdwlvhv wkh Ehoopdq htxdwlrq
T+v, @ pd{
f$K$rn&
^e. HT+u+ve, . s\ ,`>
zklfk hvwdeolvkhv wkdw  lv rswlpdo +uhfdoo Wkhruhp 614,1
Wxuq qrz wr wkh pdq|0shuvrq jdph zlwk dq rxwvlgh edqn1 Li u 9@ 4/ wkhq wkhuh lv
qr vwdwlrqdu| Pdunry htxloleulxp1 Wkh edqn fdqqrw edodqfh lwv errnv ehfdxvh hyhu|
djhqw zloo eruurz n lq hdfk shulrg dqg sd| edfn un uhvxowlqj lq d ghfuhdvh/ li u A 4/
ru dq lqfuhdvh/ li u ? 4/ ri wkh wrwdo zhdowk khog e| wkh djhqwv1 Krzhyhu/ wkhuh lv dq
htxloleulxp zlwk u @ 41 Lq wklv fdvh/ hyhu| djhqw eruurzv n dqg sd|v edfn n vr wkdw
wkh errnv edodqfh1 +Dvvxpswlrq 715 krogv wulyldoo| vlqfh  @ 2 @ 31,
Lq wkh prqh| pdunhw jdph/ wkhuh lv qr vwdwlrqdu| Pdunry htxloleulxp zlwk u ?
4@ ehfdxvh qr ixqgv duh rhuhg iru ohqglqj1 Zkhq u @ 4@/ lw lv srvvleoh wr frqvwuxfw
dq htxloleulxp edvhg rq wkh idfw wkdw djhqwv duh lqglhuhqw ehwzhhq ohqglqj dqg
eruurzlqj iru frqvxpswlrq1
H{dpsoh 8151 D Slhfhzlvh0Olqhdu Xwlolw| Ixqfwlrq zlwk Vdwxudwlrq1 Dvvxph wkdw
hdfk djhqw  5 L kdv wkh xwlolw| ixqfwlrq
xk+{, @ x+{, @

{ > 3  {  4>
4 > { A 4=
4<
Dvvxph dovr wkdw wkh lqfrph yduldeohv/ uhsuhvhqwhg e| \ / kdyh wkh glvwulexwlrq
S ^\ @ 4@5` @ 4 > S ^\ @ 6@5` @ 
zlwk 3 ?  ? 4/ vr wkdw H\ @ 2n2 1
Frqvlghu wkh rqh0shuvrq jdph zlwk sdudphwhuv s @ 4/ u @ u2 @ u @ 4/ dqg




v. 4@5 > 3  v  4@5>
4 > v A 4@5=
Wkxv dq djhqw/ zlwk fdvk v ? 4/ eruurzv xs wr 425 ru mxvw hqrxjk wr uhdfk 4> dq djhqw/
zlwk fdvk v  4/ ohqgv +ru ghsrvlwv, wkh h{fhvv v41 +Wkh surri ri wkh fruuhvsrqglqj
uhvxow iru wkh prgho zlwkrxw d ordq pdunhw lv jlyhq lq juhdw jhqhudolw| lq wkh dsshqgl{
ri NVV +4<<7,1, Wkh Pdunry fkdlq ri +6144, wdnhv wkh irup
V?n @

\?n  4@5 > 3  V?  4@5>
V?  4 . \?n > V? A 4@5=
Iru V? A 4@5/ wkh fkdlq ehkdyhv olnh d udqgrp zdon zlwk phdq guliw
4 .H\ @   4@5=
Wkxv wkh fkdlq zloo qrw kdyh d vwdwlrqdu| glvwulexwlrq iru   4@51 Dvvxph qrz wkdw
3 ?  ? 4@51 Wkhq wkh fkdlq kdv d xqltxh vwdwlrqdu| glvwulexwlrq  frqfhqwudwhg rq
wkh vhw iq@5 = q @ 3> 4> ===j dv iroorzv=






iru q  5>
zkhuh  =@ +4 5,@+4 ,1 Fohduo|/  kdv d qlwh phdq> lq idfw/ U v+gv, @  3e2E32
dqg
U
f+v,+gv, @  . 2 @ H\ / lq dffrugdqfh zlwk Ohppd 7161
Lw iroorzv iurp Wkhruhp 717 wkdw wkh sulfh s @ 4 dqg zhdowk glvwulexwlrq  irup
d vwdwlrqdu| Pdunry htxloleulxp iru wkh pdq|0shuvrq jdph zlwk dq rxwvlgh edqn1
Zh kdyh douhdg| hvwdeolvkhg Dvvxpswlrq 714/ dqg Dvvxpswlrq 715 lv wulyldo vlqfh
 @ 2 @ 31
Zh zrxog olnh wr dsso| Wkhruhp 71: wr vhh wkdw wkh udwh u @ 4 dqg glvwulexwlrq 
irup d vwdwlrqdu| Pdunry htxloleulxp iru wkh prqh| pdunhw jdph1 Dvvxpswlrq 718
lv vdwlvhg/ exw Dvvxpswlrq 719/ zklfk vd|v wkdw wkh dprxqw rhuhg iru ohqglqj pxvw
htxdo wkdw ohqw/ khuh ehfrphv wkh htxdwlrq
"[
?'
+q@5 4,+q@5, @ 2++3, . +4@5,,=
Vwudljkwiruzdug dojheud vkrzv wkdw wkh rqo| ydoxh ri  iru zklfk wkh htxdwlrq krogv
lv  @  1
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H{dpsoh 8161 D Prqh| Pdunhw Htxloleulxp iru d Slhfhzlvh0Olqhdu Xwlolw| Ixqfwlrq
zlwkrxw Vdwxudwlrq1 Dvvxph wkdw hdfk djhqw  kdv xwlolw| ixqfwlrq
xk+{, @ x+{, @

{ > 3  {  52 >
52 . +{ 52, > { A 52 >
zkhuh 3 ?  ? 41 Vxssrvh wkdw wkh lqfrph yduldeohv/ uhsuhvhqwhg e| \ / vdwlvi|
S ^\ @ 4` @ 4@5 @ S ^\ @ 7`>
dqg wkdw zh duh lq wkh rqh0shuvrq jdph zlwk sdudphwhuv s @ 4/ u @ u2 @ u @ 5/ dqg




v. 2 > 3  v  5
52 > 5  v  6
v 2 > v  6=
+814,
Qrwlfh wkdw xqghu wklv sodq dq djhqw zlwk ohvv wkdq 52 xqlwv ri dw prqh| eruurzv
wkh pd{lpxp ru mxvw hqrxjk wr uhdfk 52 / zkloh dq djhqw zlwk pruh wkdq 5

2 xqlwv
zloo ohqg +ru ghsrvlw, wkh h{fhvv xs wr d pd{lpxp ri 2 1 Lw lv vkrzq lq dq dsshqgl{
wkdw  lv rswlpdo zkhq
4  +4 . ,    2+4 . , . =
Iru h{dpsoh/  lv rswlpdo li  @ 4@7 dqg  @ 4@61
Dq djhqw zkr sod|v  zloo uhdfk d zhdowk v 5 i3> 5> 6> 8j diwhu dw prvw 5 vwhsv
dqg wkhq iroorz wkh qlwh fkdlq ehorz1
0 2 3 5
Doo wudqvlwlrqv duh zlwk suredelolw| 425 dqg wkh xqltxh vwdwlrqdu| glvwulexwlrq lv wkh
xqlirup glvwulexwlrq rq i3> 5> 6> 8j1 Wkxv rqh0kdoi ri wkh djhqwv +wkrvh dw 3 dqg 5,
duh eruurzlqj 425 dqg sd|lqj edfn 4> wkh rwkhu kdoi duh ohqglqj +ru ghsrvlwlqj, 425
dqg jhwwlqj edfn 41 Wkh errnv reylrxvo| edodqfh/ vr wkhuh lv dq htxloleulxp zlwk d





v+gv, @ 52 / zklfk lv frqvlvwhqw zlwk s @ 4 lq Ohppd
7161
H{dpsoh 8171 Dq Rxwvlgh Edqn Zklfk Vhwv Wzr Glhuhqw Lqwhuhvw Udwhv1 Dvvxph
wkdw hdfk djhqw kdv wkh vdph xwlolw| ixqfwlrq x dv lq H{dpsoh 8161 Vxssrvh wkh
lqfrph yduldeohv kdyh glvwulexwlrq jlyhq e|
S ^\ @ 4` @ 4z > S ^\ @ 7` @ z >
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iru vrph 3 ? z ? 41 Frqvlghu wkh rqh0shuvrq jdph zlwk sdudphwhuv {hg dw s @ 4/




v.  > 3  v  5S >
52 > 5

S  v  6>
v 52 > v  6=
Dv lq H{dpsoh 816/ lw lv hdv| wr vhh wkdw dq djhqw/ zkr iroorzv wklv sodq/ zloo diwhu qr
pruh wkdq wzr gd|v kdyh d iruwxqh v 5 i3> 5> 6> 8j dqg wkhq iroorz wkh fkdlq ehorz1







Wkh vwdwlrqdu| glvwulexwlrq ri wklv fkdlq lv wkh phdvxuh
+3, @ +4z,2> +5, @ +6, @ z+4z,> +8, @ z2=
Djhqwv zlwk zhdowk 3 ru 5 zloo eruurz 426 dqg sd| edfn u   @ 4 wr wkh edqn iru
dq djjuhjdwhg qhw jdlq wr wkh edqn ri
2
++3, . +5,, @
2
+4z,=
Djhqwv zlwk zhdowk 6 ru 8 zloo ghsrvlw 425 dqg jhw edfn u2  2 @ 41 Wkh djjuhjdwhg
qhw orvv wr wkh edqn lv

2++6, . +8,, @

2z=




z @ e. =
Il{ z @ 7@:1 Lw fdq wkhq eh vkrzq wkdw wkh sodq  lv rswlpdo iru wkh rqh0
shuvrq jdph zkhq wkh sdudphwhuv  dqg  vdwlvi| wkh frqglwlrqv= 3 ?   4@6/
: @ 9.;1 +Wkh surri frqvlvwv ri fkhfnlqj wkh Ehoopdq htxdwlrq dqg lv vlplodu wr
wkdw jlyhq lq wkh dsshqgl{ iru H{dpsoh 8161, Wkxv/ iru wkhvh ydoxhv ri wkh sdudphwhuv/
zh kdyh d vwdwlrqdu| Pdunry htxloleulxp iru wkh jdph zlwk dq rxwvlgh edqn e|
Wkhruhp 7171 Wkhuh fdq eh qr prqh| pdunhw htxloleulxp zlwk u 9@ u21
H{dpsoh 8181 D Prqh| Pdunhw zlwk Wzr W|shv ri Djhqwv1 Vxssrvh wkdw wkh vsdfh
ri djhqwv L lv sduwlwlrqhg lqwr wzr vhwv L dqg L21 Iru djhqwv  5 L/ dvvxph wkdw
xk+{, @ x+{, @

{ > 3  {  52 >
52 . +{ 52, > { A 52
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dqg wkdw wkh lqfrph yduldeohv \ k? duh glvwulexwhg olnh wkh jhqhulf yduldeoh \ zkhuh
S ^\ @ 4` @

e > S ^\ @ 7` @

e =
Wkhvh djhqwv ri w|sh 4 duh pxfk olnh wkh djhqwv lq wkh wzr suhfhglqj h{dpsohv1
Dvvxph wkdw !+L, @ 5@6> l1h1/ wzr0wklugv ri doo djhqwv duh ri w|sh 41
Iru djhqwv  5 L2/ dvvxph wkdw xk+{, @ x2+{, @ { iru doo { dv lq H{dpsoh 814
dqg wkdw lqfrph yduldeohv \ k? duh olnh \2 zkhuh
S ^\2 @ 4` @

2 @ S ^\2 @ 6`=
Qrwh wkdw !+L2, @ 4 !+L, @  1
Frqvlghu qrz wkh rqh0shuvrq jdph zlwk u @ 5 dqg s @ 4 uvw iru d sod|hu ri
w|sh 5 zlwk ordq olplw n2 @ 4@51 Dvvxph wkdw  ? 4@5 vr wkdw u ? 41 Wkhq wkh
rswlpdo sodq 2/ dv h{sodlqhg lq H{dpsoh 814/ lv wr eruurz xs wr wkh olplw dqg vshqg
hyhu|wklqj1 Wklv uhvxowv lq d Pdunry fkdlq zlwk vwdwlrqdu| glvwulexwlrq 2 htxdo wr
wkh glvwulexwlrq ri un2 . s\ @ 4 . \ 1 Vr
2+3, @ 2+5, @

2 =
Qrwlfh wkdw doo sod|huv ri w|sh 5 duh eruurzhuv vr wkdw qr prqh| pdunhw zrxog eh
srvvleoh zlwk wkhp dorqh1
Frqvlghu qh{w wkh rqh0shulrg jdph iru d sod|hu ri w|sh 4 zlwk u @ 5/ s @ 4 dv
ehiruh zlwk ordq olplw n @ 4@51 Lw fdq eh vkrzq wkdw wkh vwdwlrqdu| sodq  zlwk
frqvxpswlrq ixqfwlrq f dv lq +814, lv rswlpdo iru  dqg  vdwlvi|lqj
7  5+4 . 6,  7  2+4 . 6, . 9=
+Wkh surri lv vlplodu wr wkdw suhvhqwhg iru H{dpsoh 816 lq wkh dsshqgl{1, Zh dvvxph
lq zkdw iroorzv wkdw wkhvh lqhtxdolwlhv duh vdwlvhg1 Wkh Pdunry fkdlq fruuhvsrqglqj
wr wklv vwudwhj| hyhqwxdoo| uhdfkhv wkh vhw i3> 5> 6> 8j zkhuh lw kdv wudqvlwlrqv olnh
wkrvh ri wkh fkdlq lq H{dpsoh 817 zlwk z @ 6@71 Wkh vwdwlrqdu| glvwulexwlrq  lv
jlyhq e|
+3, @ 4@49> +5, @ +6, @ 6@49> +8, @ <@49=
Ohw  @ 2 .

2 eh wkh djjuhjdwhg phdvxuh dv lq +716,1
Wr fkhfn wkdw wkh errnv edodqfh lq wkh pdq|0shuvrq jdph/ revhuyh uvw wkdw
djhqwv zlwk zhdowk 3 ru 5/ zkhwkhu ri w|sh 4 ru w|sh 5/ eruurz 4251 Wkh wrwdo
dprxqw eruurzhg lv wkxv

2++3, . +5,, @

e =
Djhqwv zlwk zhdowk 6 ru 8 duh qhfhvvdulo| ri w|sh 4 dqg ohqg 4251 Wkh wrwdo
dprxqw ohqw lv

2++6, . +8,, @

e =
Wklv yhulhv Dvvxpswlrq 71461 Lw qrz iroorzv iurp Wkhruhp 7147 wkdw wkh idplo| ri
vwudwhjlhv  @ ikjkMU / zkhuh k @  iru  5 L dqg k @ 2 iru  5 L2/ uhvxowv lq
d vwdwlrqdu| Pdunry htxloleulxp iru wkh prqh| pdunhw jdph1
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H{dpsoh 8191 D Qrqvwrfkdvwlf Prqh| Pdunhw1 Dvvxph wkdw hyhu| djhqw  kdv wkh
vdph xwlolw| ixqfwlrq x zklfk lv vprrwk/ lqfuhdvlqj dqg vwulfwo| frqfdyh1 Dvvxph
wkdw doo ri wkh lqfrph yduldeohv \ ?k duh htxdo wr d srvlwlyh frqvwdqw |1
Frqvlghu wkh rqh0shuvrq jdph zlwk u @ 4@/ s @ 4/ dqg n @ |1 Wkh xqltxh
rswlpdo sodq iru wklv jdph lv wkh vwdwlrqdu| sodq  fruuhvsrqglqj wr wkh frqvxpswlrq
ixqfwlrq
f+v, @ +4 ,v. |=
Wr vhh wkdw wklv lv vr/ revhuyh uvw wkdw
v @ 3+v f+v,, . |
@ u+v f+v,, . |
dqg frqvhtxhqwo| wkh Pdunry fkdlq uhvxowlqj iurp  lv wkh frqvwdqw vhtxhqfh V? @ v
iru doo v1 Wkxv wkh uhzdug ixqfwlrq lv






Lw lv hdv| wr vhh wkdw T vdwlvhv wkh Ehoopdq htxdwlrq
T+v, @ pd{
f$@$rn+
^x+d, . T+u+v d, . |,`
dqg vr  lv rswlpdo e| Wkhruhp 6141 Wkh vwulfw frqyh{lw| ri x lpsolhv wkdw  lv wkh
xqltxh rswlpdo sodq1
Qrz frqvlghu wkh pdq|0shuvrq jdph zlwk d prqh| pdunhw1 Vxssrvh hyhu| djhqw
sod|v  dqg wkdw wkh lqlwldo glvwulexwlrq ri zhdowk lv d qrqghjhqhudwh phdvxuh  rq
E+^3>4,, zklfk kdv phdq |1 Dq| vxfk  lv lqyduldqw iru wkh Pdunry fkdlq iV?j
ghwhuplqhg e| f ehfdxvh
V?n @ 
3+V?  f+V?,, . | @ V? =
Wr vhh wkdw wkh errnv edodqfh/ qrwlfh wkdw f+v, A v +uhvshfwlyho|/ f+v, ? v, li dqg
rqo| li v ? | +v A |,1 Wkxv/ wkh edodqfh htxdwlrq +716, ri Dvvxpswlrq 719 fdq eh






Wklv krogv ehfdxvh/ e| dvvxpswlrq/] "
f
v+gv, @ |





i+4 ,v. |j+gv, @ +4 ,| . | @ |=
Wkh dvvxpswlrq wkdw  grhv qrw ghjhqhudwh wr d srlqw pdvv jxdudqwhhv wkdw wkh
txdqwlwlhv lq +815, duh qrw }hur1 Wkhruhp 71: qrz dssolhv wr vkrz wkdw u @ 4@ dqg
 irup d vwdwlrqdu| Pdunry htxloleulxp iru hyhu| qrqghjhqhudwh  zlwk phdq |1
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9 Wkh Rqh0Shuvrq Jdph lq Pruh Ghwdlo
Zh qrz uhwxuq wr wkh rqh0shuvrq jdph iru d pruh ghwdlohg vwxg| ri wkh ydoxh ixqfwlrq/
wkh vwuxfwxuh ri rswlpdo vwdwlrqdu| vwudwhjlhv/ dqg surshuwlhv ri wkh fruuhvsrqglqj
Pdunry fkdlqv1 Vrph ri wkhvh uhvxowv duh ri lqwhuhvw iru wkhlu rzq vdnh1 Krzhyhu/
rxu pdlq frqfhuqv duh wr jlyh vx!flhqw frqglwlrqv iru wkh uvw edvlf dvvxpswlrq xvhg
lq Vhfwlrq 7 iru wkh frqvwuxfwlrq ri d vwdwlrqdu| Pdunry htxloleulxp dqg wr od| wkh
irxqgdwlrqv iru wkh h{lvwhqfh surri wr eh suhvhqwhg lq Vhfwlrq :1
Lq rughu wr rewdlq vkdushu uhvxowv dqg wr vlpsoli| rxu dqdo|vlv/ zh zloo dvvxph lq
wklv vhfwlrq=
+D4, Wkh xwlolw| ixqfwlrq x lv vwulfwo| frqfdyh/ vwulfwo| lqfuhdvlqj/ dqg wzlfh frqwlq0
xrxvo| glhuhqwldeoh1 Dovr/ 3 ? u2  u ? 4@/ S ^\  nu` @ 41
Doo ri wkh dvvxpswlrqv ri Vhfwlrq 6 dovr uhpdlq lq irufh1 Khuh lv rxu pdlq uhvxow iru
wkh rqh0shuvrq jdph +fi1 Wkhruhp 714 ri NVV +4<<7,,1
Wkhruhp 9141
+d, Wkh ydoxh ixqfwlrq Y lv frqfdyh/ vwulfwo| lqfuhdvlqj/ dqg frqwlqxrxvo| glhuhq0
wldeoh1
+e, Wkhuh lv d xqltxh rswlpdo vwdwlrqdu| sodq  fruuhvsrqglqj wr d frqwlqxrxv frq0
vxpswlrq ixqfwlrq f = ^3>4, $ ^3>4, vxfk wkdw 3  f+v,  v.n1 Ixuwkhupruh/
wkh ixqfwlrqv f+v, dqg v f+v, duh qrqghfuhdvlqj1
+f, Y +v, @ x+f+v,, iru v  31
+g, Wkhuh h{lvw vW/ wW zlwk 3  vW  wW  4 vxfk wkdw f+v, A v iru 3  v ? vW/
f+v, @ v iru vW  v  wW/ dqg f+v, ? v iru v A wW1 Ixuwkhupruh/ vW ? wW li dqg





zkhuh L lv wkh lqyhuvh ixqfwlrq iru x1 
Dv zh kdyh ehiruh/ zh frqwlqxh wr vlpsoli| qrwdwlrq e| zulwlqj/ iru h{dpsoh/ x+3,
iru wkh uljkw ghulydwlyh xn+3, ri x dw 31
Lw vhhpv olnho| wkdw sduw +d, ri wkh wkhruhp frxog eh vwuhqjwkhqhg wr vd| wkdw Y
lv vwulfwo| frqfdyh/ exw rxu surri grhv qrw vkrz wklv1
Rxu surri ri Wkhruhp 914/ olnh wkdw ri Wkhruhp 714 lq NVV +4<<7,/ zloo uho| rq d
fduhixo vwxg| ri d edvlf uhfxuvlrq zklfk xvhv wkh rshudwru W ri +6143,1
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914 Wkh Edvlf Uhfxuvlrq
Ghqh
y+v, @ y+v, @ Wz+v, @ vxs
f$K$rn&
^x+e@s, . Hz+j+ve, . s\ ,` +914,
zkhuh z = ^3>4, $ ^3>4, vdwlvhv wkh iroorzlqj dvvxpswlrqv=
+D5, z lv qrqghfuhdvlqj/ frqfdyh/ dqg kdv d frqwlqxrxv ghulydwlyh rq ^3>4,1
+D6, z+3, ? x+3,1
Lq wklv vhfwlrq/ zh zloo vkrz wkdw wkh surshuwlhv dvvxphg iru z dovr krog iru Wz1
Pruhryhu/ lw lv d vwdqgdug uhvxow ri g|qdplf surjudpplqj wkdw wkh ydoxh ixqfwlrq Y
lv wkh olplw ri W?x1 Vr zh zloo eh deoh wr ghgxfh surshuwlhv ri Y lq wkh qh{w vhfwlrq1
Sursrvlwlrq 9151
+d, Wkh ixqfwlrq y @ Wz kdv doo wkh surshuwlhv dvvxphg iru z lq +D5, dqg +D6,1
+e, Iru hdfk v  3/ wkhuh lv d xqltxh dfwlrq f+v, 5 ^3> v . n` wkdw dfklhyhv wkh
vxsuhpxp lq +9=4,1 Lq sduwlfxodu/
+Wz,+v, @ x+f+v,@s, . Hz+j+v f+v,, . s\ ,=
+f, Wkh ixqfwlrqv f+v, dqg vf+v, duh qrqghfuhdvlqj1 Khqfh/ f lv frqwlqxrxv1
+g, +Wz,+v, @ x+f+v,,1
+h, Wkhuh h{lvw v/ w zlwk 3 ? v  w  .4 vxfk wkdw
f+v, A v iru 3  v ? v>
@ v iru v  v  w>
? v iru w ? v=
Lqghhg/ v @ L+uHz+\ ,, dqg w @ L+u2Hz+\ ,, zkhuh L lv wkh lqyhuvh ri
x1
Surri1 Iru d voljkw vlpsolfdwlrq ri qrwdwlrq/ zh dvvxph zlwkrxw orvv ri jhqhudolw|
wkdw s @ 41
Wr suryh +e,/ zh lqwurgxfh wkh ixqfwlrq
#rc+e, @ #r+e, @ x+e, . Hz+j+v e, . \ ,
iru 3  e  v.n1 Lw iroorzv iurp wkh frqfdylw| ri j dqg z dqg wkh vwulfw frqfdylw| ri
x wkdw #r lv dovr vwulfwo| frqfdyh1 Wklv lv hqrxjk wr hvwdeolvk +e,1
Wr yhuli| +h,/ qrwlfh wkdw
#r+e, @

x+e, u2 Hz+u2+v e, . \ , > 3  e ? v





f+v, A v l #

r+v., A 3 l x
+v, A uHz
+\ , l v ? v>
dqg vlploduo|
f+v, ? v l #

r+v, ? 3 l x+v, ? u2Hz+\ , l v A w=
Dovr f+3, A 3 dqg vr v A 3 ehfdxvh #f+3., @ x
+3,uHz+\ , A x+3,z+3, A
31
Zh zloo uvw suryh +f, dqg +g, iru ixqfwlrqv z wkdw duh F2> l1h1 ixqfwlrqv zlwk wzr
frqwlqxrxv ghulydwlyhv1 Wr vlpsoli| qrwdwlrq/ zh whpsrudulo| zulwh f iru f1 Ohw xv
frqvlghu irxu fdvhv1
Fdvh 41 3  v ? +t  n,n zkhuh t @ L+uHz+\  un,,1
Iru v lq wklv lqwhuydo/ #r++v. n,
3, A 3 dqg vr f+v, @ v.n1 Reylrxvo| +f, krogv1
Fdvh 51 +t  n,n  v  v1 Khuh f+v, vdwlvhv #r+f+v,, @ 3 ru x+f+v,, @
uHz
+u+v  f+v,, . \ ,1 E| wkh Lpsolflw Ixqfwlrq Wkhruhp/ f lv F dqg zh fdq
glhuhqwldwh wr jhw
f+v,x+f+v,, @ u2+4 f+v,,Hz+u+v f+v,, . \ ,=
Khqfh/
3  f+v, @ u
2
Hz
+u+v f+v,, . \ ,
x+f+v,, . u2Hz
+u+v f+v,, . \ ,  4=
Lq sduwlfxodu/ erwk f+v, dqg v f+v, duh qrqghfuhdvlqj> dqg zh kdyh
+Wz,+v, @ x+f+v,, . Hz+u+v f+v,, . \ ,=
Fdvh 61 v  v  w1 Khuh f+v, @ v dqg +f, lv reylrxv> zh kdyh +Wz,+v, @
x+v, . Hz+\ ,1
Fdvh 71 w  v1 Dq dujxphqw vlplodu wr wkdw iru Fdvh 5 djdlq suryhv +f,1
Dvvhuwlrq +g, lv reylrxv lq Fdvhv 4 dqg 61 Iru Fdvhv 5 dqg 7/ glhuhqwldwh wkh
htxdwlrq lq +e, wr jhw/ iru h{dpsoh lq Fdvh 5>
+Wz,+v, @ f+v,x+f+v,, . u+4 f+v,,Hz+u+v f+v,, . \ ,
@ uHz
+u+v f+v,, . \ , @ x+f+v,,=
Wkhuh lv qr wurxeoh dw wkh hqgsrlqwv ri wkh ydulrxv lqwhuydov ehfdxvh/ dv lv hdvlo|
fkhfnhg/ wkh uljkw dqg ohiw ghulydwlyhv dozd|v djuhh1 Wkh surri ri +f, dqg +g, lv qrz
frpsohwh iru F2 ixqfwlrqv z1
Frqvlghu qrz d z+, vdwlvi|lqj +D5, dqg +D6, wkdw lv/ shukdsv/ rqo| F1 Wkhq
wkhuh h{lvw F2 ixqfwlrqv z?+,/ q 5 Q/ vdwlvi|lqj wkh vdph dvvxpswlrqv dqg vxfk
5:
wkdw z?+, frqyhujhv xs wr z+, dqg z?+, frqyhujhv grzq wr z+, rq ^3>4,1 +Iru
h{dpsoh/ h{whqg z+, wr eh F dqg vdwlvi| +D5, rq wkh zkroh uhdo olqh dqg wdnh
z?+v, @ Hz+v ]?,/ zkhuh wkh ]? duh srvlwlyh udqgrp yduldeohv wkdw kdyh vprrwk
ghqvlwlhv dqg frqyhujh grzq wr }hur doprvw vxuho|1,
Zulwh f?+,/ iru f?+,/ dqg f+, iru f+,1 Wkhq z?+,  z?n+,  z+, vr wkdw
#rc?+,  #rc?n+,  #rc+, dqg f?+,  f?n+,1 Ghqh
hf+v, =@ olp
?
% f?+v,> v 5 V=
Qrz f?+v, dqg v  f?+v, duh qrqghfuhdvlqj lq v iru hyhu| q e| +f, dssolhg wr wkh
F2 ixqfwlrq z?1 Khqfh/ hf+v, dqg v  hf+v, duh qrqghfuhdvlqj dovr/ dqg vr hf+v, lv
frqwlqxrxv1
Ohppd 9161 Iru hyhu| v/
+l, +Wz?,+v, % +Wz,+v,/
+ll, f?+v, % f+v, +l1h1 hf+v, @ f+v,,1
Surri1 +l, +Wz,+v,  +Wz?,+v, @ x+f?+v,, . Hz?+j+v  f?+v,, . \ , % x+f+v,, .
Hz?+j+v f+v,, . \ , @ +Wz,+v,1 Wkh vhfrqg lqhtxdolw| krogv ehfdxvh f? dfklhyhv
wkh vxsuhpxp lq wkh ghqlwlrq ri Wz?> wkh wzr htxdolwlhv duh lqvwdqfhv ri +e,1
+ll, E| +l,/ zh kdyh +Wz,+v, @ olp?^x+f?+v,,.Hz?+j+vf?+v,,.\ ` @ x+hf+v,,.
Hz+j+v hf+v,, . \ ,1 Wkxv hf+, @ f+,/ e| +e,1 
Qrz zh fdq frpsohwh wkh surriv ri +f, dqg +g, lq Sursrvlwlrq 9151 Surshuw| +f,
lv lpphgldwh iurp sduw +ll, ri wkh ohppd1 Iru +g,/ xvh sduw +l, dqg +g, dssolhg wr wkh
z? wr jhw











Glhuhqwldwh wr jhw +g,1
Lw rqo| uhpdlqv iru xv wr fkhfn surshuw| +d,1 Wkdw Wz lv qrqghfuhdvlqj dqg F
iroorzv iurp +f, dqg +g,1 Wr vhh wkdw Wz lv frqfdyh/ revhuyh iurp +f,/ +g, wkdw
+Wz,+v, @ x+f+v,, lv ghfuhdvlqj1 Wr vhh wkdw +Wz,+3, ? x+3,/ xvh +g, dqg wkh
idfw iurp +h, wkdw f+3, A 31
Wkh surri ri Sursrvlwlrq 915 lv qrz frpsohwh1 
Uhpdun 9171 Vxssrvh z lv qrqghfuhdvlqj dqg frqfdyh/ exw qrw qhfhvvdulo| F1 Wkh
ixqfwlrq
#r+e, @ x+e, . Hz+j+v e, . \ ,> 3  e  v. n
lv wkh vxp ri d vwulfwo| frqfdyh dqg d frqfdyh ixqfwlrq1 Vr #r+, lv vwulfwo| frqfdyh
dqg pxvw wkhuhiruh kdyh lwv pd{lpxp dw d xqltxh srlqw f+v, lq ^3> v . n` zklfk
vdwlvhv wkh htxdwlrq ri Sursrvlwlrq 915+e,1
5;
915 Surri ri Wkhruhp 914
Ohw
Yf =@ x> Y?n =@ WY?
iru q @ 3> 4> ===1 Wkhq Y? lv/ iru hdfk q/ wkh rswlpdo uhzdug ixqfwlrq iru wkh qgd|
g|qdplf surjudpplqj sureohp1 Lw lv d vwdqgdug +dqg vwudljkwiruzdug, uhvxow wkdw
Y? frqyhujhv xs wr Y dv q $ 41
E| Sursrvlwlrq 915 rq wkh edvlf uhfxuvlrq/ hyhu| Y? vdwlvhv dvvxpswlrqv +D5,
dqg +D6,1 Wkxv Y lv fohduo| qrqghfuhdvlqj dqg frqfdyh1 D vlpsoh gluhfw dujxphqw
vkrzv wkdw Y? dqg Y duh/ lq idfw/ vwulfwo| lqfuhdvlqj1
E| +61<, dqg Uhpdun 916 wkhuh lv/ iru hdfk v/ d xqltxh f+v, 5 ^3> v.n` vxfk wkdw
Y +v, @ +WY ,+v, @ x+f+v,, . HY +j+v f+v,, . \ ,=
Zh duh frqwlqxlqj wr dvvxph wkdw s @ 41
E| Wkhruhp 614/ wkh vwdwlrqdu| sodq  fruuhvsrqglqj wr f lv wkh xqltxh rswlpdo
sodq1
Vhw f? @ fT? lq wkh qrwdwlrq ri Sursrvlwlrq 9151 Wkhq/ iru q  4/
Y?+v, @ +WY?3,+v, @ x+f?+v,, . HY?3+j+v f?+v,, . \ ,=




E| Sursrvlwlrq 915/ f?+v, dqg v f?+v, duh qrqghfuhdvlqj iru hdfk q1
Khqfh/ wkh vdph krogv iru f+v, dqg v f+v,1 Lq sduwlfxodu/ f lv frqwlqxrxv1








Y +v, @ x+f+v,, =
Zh kdyh yhulhg frqglwlrqv +d,/ +e,/ dqg +f, ri Wkhruhp 914 dqg dovr wkdw Y
vdwlvhv dvvxpswlrq +D5,1 Wr yhuli| frqglwlrq +g,/ frqvlghu wkh ixqfwlrq #r+e, @
x+e, . HY +j+ve, . \ ,1 Qrwlfh wkdw
#r+3, @ x
+3, uHY +\ ,
 x+3, uY +3, @ x+3, ux+f+3,,
 +4 u,x+3, A 3=
Khqfh/ f+3, A 3 dqg Y +3, @ x+f+3,, ? x+3,1 Vr Y  vdwlvhv +D6, dv zhoo dv +D5,1
Qrz dsso| Sursrvlwlrq 915+h, zlwk z @ Y wr jhw frqglwlrq +g, ri Wkhruhp 9141 Wklv
frpsohwhv wkh surri1
Khuh lv dq dgglwlrqdo surshuw| ri wkh rswlpdo frqvxpswlrq ixqfwlrq f1 Wkh surri
lv hvvhqwldoo| wkh vdph dv wkdw ri Wkhruhp 716 lq NVV +4<<7,1
Wkhruhp 9181 Xqghu wkh k|srwkhvhv ri Wkhruhp 9=4/ zh kdyh olpr<" f+v, @ 41
5<
916 Wkh Vroxwlrq dv d Ixqfwlrq ri wkh Sdudphwhuv
Ohw  @ +u> u2> s, eh wkh yhfwru frpsrvhg ri wkh wzr lqwhuhvw udwhv dqg wkh sulfh
ri wkh frpprglw|1 Dovr/ zulwh Yw+v, dqg fw+v, iru wkh ydoxh ixqfwlrq dqg rswlpdo
frqvxpswlrq ixqfwlrq iru wkh rqh0shuvrq jdph zlwk sdudphwhuv fruuhvsrqglqj wr 1
Lq wklv vhfwlrq zh zloo xvh uhvxowv ri Odqjhq +4<;4, wr vhh wkdw erwk Yw+v, dqg fw+v, duh
frqwlqxrxv ixqfwlrqv ri 1 +Zh douhdg| nqrz iurp Wkhruhp 914 wkdw wkhvh ixqfwlrqv
duh frqwlqxrxv lq v iru {hg 1,
Zh zloo dvvxph wkdw  ydulhv ryhu wkh vhw
G @ i+u> u2> s, = 3 ? u2  u ? 4@> 3 ? s ? 4j=
Wkh glvfrxqw idfwru  5 +3> 4, zloo eh khog frqvwdqw1 Wkh erxqg rq eruurzlqj n @
n+, lv dvvxphg wr eh d frqwlqxrxv ixqfwlrq ri 1
Sursrvlwlrq 9191 Vxssrvh ? $  dv q $ 4 zkhuh > > 2> === olh lq V1 Wkhq
Yw? $ Yw dqg fw? $ fw xqlirupo| rq frpsdfw vxevhwv ri V1
Surri1 Wkh frqyhujhqfh ri Yw? wr Yw iroorzv iurp d voljkw h{whqvlrq ri d qlfh uhvxow
ri Odqjhq +Wkhruhp 814/ 4<;4,1 Wkh uhvxow dssolhv gluhfwo| zkhq wkh xwlolw| ixqfwlrq
x lv erxqghg1 Iru wkh jhqhudo fdvh/ zkhuh x vdwlvhv +D4,/ lw lv vwudljkwiruzdug wr
vkrz wkdw/ iru v  3/  5 G/ dqg p @ 4> 5> ===/
mYw+v, Ywc6+v,m  +u,6c+v,
zkhuh Ywc6+v, lv wkh pgd| rswlpdo uhzdug ixqfwlrq dqg c+, lv d olqhdu ixqfwlrq ri
v1 Wklv lqhtxdolw| fdq eh vxevwlwxwhg iru Odqjhq*v lqhtxdolw| +814,/ wr vhh wkdw Yw?
frqyhujhv wr Yw srlqwzlvh1 Wkh xqlirup frqyhujhqfh rq frpsdfw vhwv iroorzv iurp
wkh frqwlqxlw| dqg prqrwrqlflw| ri wkhvh ixqfwlrqv1
Frqvlghu qrz wkh frqyhujhqfh ri wkh fw? 1 E| Wkhruhp 914+e, dqg Wkhruhp 614+e,/
iru hdfk v/ fw?+v, lv wkh xqltxh srlqw lq ^3> v. n+?,` vxfk wkdw
Yw?+fw?+v,, @ x+fw?+v,@s?, . HYw?+j?+v fw?+v,, . s?\ ,=
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2 { li { A 3=
Ohw ie&j eh d vxevhtxhqfh ri wkh ifw?+v,j wkdw frqyhujhv wr vrph e 5 ^3> v . n+,`1
Zh fdq xvh wkh frqyhujhqfh surshuw| ri wkh Yw? wr frqfoxgh wkdw
Yw+e, @ x+e@s, . HYw+j+v e, . s\ ,=
+Iru wkh frqyhujhqfh ri wkh h{shfwdwlrqv/ revhuyh wkdw Yw?+j?+v  fw?+v,, . s?\ , 
x+3,+uv . s\ , zkhuh u lv dq xsshu erxqg rq wkh uE? dqg s lv dq xsshu erxqg rq
wkh s?1 Wkxv Ohehvjxh*v Grplqdwhg Frqyhujhqfh Wkhruhp dssolhv1,
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Pruhryhu/ wkh xqltxh e wkdw vdwlvhv wklv htxdwlrq lv e @ fw+v,1 Vr zh frqfoxgh
wkdw fw?+v, $ fw+v,1 Wkh xqlirup frqyhujhqfh rq frpsdfw vhwv djdlq iroorzv iurp
wkh frqwlqxlw| dqg prqrwrqlflw| ri wkhvh ixqfwlrqv1 
Zh zloo qrz xvh wkh frqwlqxlw| surshuwlhv mxvw hvwdeolvkhg wr ghulyh wzr whfkqlfdo
uhvxowv qhhghg lq wkh vhtxho1
Fruroodu| 91:1 Wkh lqpxp ri fw+v,/ wdnhq ryhu doo v  3 dqg  ehorqjlqj wr d
{hg frpsdfw vxevhw ri G/ lv vwulfwo| srvlwlyh1






Wkh vhfrqg lqpxp lv srvlwlyh ehfdxvh  $ fw+3, lv frqwlqxrxv e| Sursrvlwlrq 919/
dqg  udqjhv ryhu d frpsdfw vhw 
Fruroodu| 91;1 Vxssrvh lqir x+v, A 31 Wkhq wkh vxsuhpxp ri u2+v fw+v,,/ wdnhq
ryhu doo v  3 dqg  @ +u> u2> s, ehorqjlqj wr d {hg frpsdfw vxevhw N ri G/ lv
qlwh1
Surri1 Vhw  =@ lqir x+v,1 Wkhq/ li  5 N dqg fw+v, ? v/
 ? x+fw+v,, @ u2HY

w +u2+v fw+v,, . s\ ,  u2Y w+u2+v fw+v,,
 uWx+fw+u2+v fw+v,,,  uWx+3,>
zkhuh uW @ vxsiu2 = +u> u2> s, 5 Nj1 E| dvvxpswlrq +D4, dqg wkh frpsdfwqhvv ri
N/ uW ? 41 Khqfh/  ? kqoW ? x
+3, dqg zlwk L @ +x,3/ zh kdyh















Wkhq +, lv qlwh iru hdfk  vlqfh fw+v, $ 4 e| Wkhruhp 9171 Lw lv vwudljkwiruzdug
xvlqj Sursrvlwlrq 919 wr fkhfn wkdw  lv xsshu vhpl0frqwlqxrxv1 Khqfh/  dfklhyhv lwv
qlwh vxsuhpxp/ vd| W/ rq wkh frpsdfw vhwN1 Lw iroorzv wkdw u2+vfw+v,,  W ? 4
iru  5 N1 
917 H{lvwhqfh ri d Vwdwlrqdu| Glvwulexwlrq zlwk Ilqlwh Phdq
Uhfdoo wkdw wkh frqvwuxfwlrq ri d vwdwlrqdu| Pdunry htxloleulxp lq Vhfwlrq 7 zdv
edvhg rq wzr dvvxpswlrqv1 Zh zloo qrz jlyh vrph vlpsoh/ exw idluo| jhqhudo/ vx!flhqw
frqglwlrqv iru wkh uvw dvvxpswlrq= qdpho| wkdw wkh djhqw kdv dq rswlpdo vwdwlrqdu|
sodq iru zklfk wkh fruuhvsrqglqj Pdunry fkdlq kdv d vwdwlrqdu| glvwulexwlrq zlwk d
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qlwh phdq1 Wkh vhfrqg dvvxpswlrq/ wkdw wkh errnv edodqfh/ lv pxfk pruh gholfdwh
dqg zh kdyh qrw ehhq deoh wr qg vdwlvidfwru| frqglwlrqv iru lw1
Il{ wkh sdudphwhuv u/ u2/ s dv lq Dvvxpswlrq +D4,/ dqg ohw f+, eh wkh rswlpdo
frqvxpswlrq ixqfwlrq jlyhq e| Wkhruhp 9141 Frqvlghu wkh dvvrfldwhg Pdunry fkdlq
iV?j zlwk g|qdplfv jlyhq e| +6144,1
Sursrvlwlrq 91<1 Li lqir x+v, A 3/ wkhq wkh Pdunry fkdlq iV?j kdv d vwdwlrqdu|
glvwulexwlrq zlwk qlwh phdq1
Surri1 Dsso| Fruroodu| 91: wr wkh vshfldo fdvh zkhuh wkh frpsdfw vhw N lv wkh
vlqjohwrq i+u> u2> s,j/ wr rewdlq d frqvwdqw W vxfk wkdw
j+v,  u2+v f+v,,  W ? 4 +915,
iru doo v  31 +Wkh uvw lqhtxdolw| lv wulyldo1, Ohw O eh wkh rshudwru dvvrfldwhg zlwk
wkh fkdlq iV?j> l1h1/ li  lv wkh glvwulexwlrq ri Vf/ wkhq O lv wkh glvwulexwlrq ri
V @ j+Vf  f+Vf,, . s\ lq wkh qrwdwlrq ri +519,1 Qh{w/ ghqh
 =@ i =  lv d suredelolw| phdvxuh rq E+^3>4,, dqg
]
v+gv,  W.sH\ j= +916,
Lw lv hdv| wr fkhfn wkdw +l,  lv d frpsdfw/ frqyh{ vxevhw ri wkh vsdfh ri suredelolw|
phdvxuhv rq E+^3>4,, zlwk wkh xvxdo zhdn wrsrorj| dqg/ xvlqj +915,/ wkdw +ll, O
pdsv  frqwlqxrxvo| lqwr lwvhoi1 Wkh VfkdxghuW|fkrqr Wkhruhp +fi1 Gxqirug dqg
Vfkzduw} +4<97,, dssolhv wr |lhog d {hg srlqw ri O1 
Vxssrvh wkh k|srwkhvlv ri Sursrvlwlrq 91< grhv qrw krog/ vr wkdw lqir x+v, @
olpr<" x
+v, @ 31 Wkhq lw lv qr orqjhu wuxh lq jhqhudo wkdw wkh fkdlq iV?j kdv d
vwdwlrqdu| glvwulexwlrq1 Wkh dujxphqw iru Sursrvlwlrq 91< idlov ehfdxvh v f+v, lv qr
orqjhu erxqghg dqg/ li u2 A 4/ wkhq u2+v f+v,, whqgv wr .4 dv v dssurdfkhv .41
Krzhyhu/ wkhuh lv dq h{lvwhqfh uhvxow zkhq u @ u2 @ 41
Sursrvlwlrq 91431 Dvvxph lqir x+v, @ 3/ u @ u2 @ 4/ dqg H\ 2 ? 41 Wkhq wkh
Pdunry fkdlq iV?j kdv d vwdwlrqdu| glvwulexwlrq zlwk qlwh phdq1
Surri1 Wklv iroorzv iurp Wkhruhpv 4 dqg 5 ri Wzhhglh +4<;;,1 Iluvw/ revhuyh
wkdw iV?j lv d zhdn Ihoohu surfhvv ehfdxvh wkh ixqfwlrqv j dqg f dsshdulqj lq wkh
wudqvlwlrq irupxod +6144, duh frqwlqxrxv1 Wkhq fkhfn Wzhhglh*v Frqglwlrq I zlwk/ lq
klv qrwdwlrq/ j+v, @ v/ % @ 4/ dqg D @ ^3>hv` zkhuh f+hv, A sH\ . 41 Vxfk dq hv h{lvwv
e| Wkhruhp 918 dqg/ iru v  hv/ H^V?nmV? @ v` @ v f+v, . sH\  v41
Rq wkh rwkhu kdqg/ iru 3  v  hv=
H^V?nmV? @ v` @ v f+v, . sH\  hv f+hv, . sH\  hv 4=
E| Wzhhglh*v Wkhruhp 5/ iV?j kdv d vwdwlrqdu| glvwulexwlrq  vxfk wkdw 3 ? +D, 
41
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Wr vhh wkdw  kdv qlwh phdq/ dsso| Wzhhglh*v Wkhruhp 4+lll, zlwk i+v, @ v1
Wdnh j+v, @ v2 lq Frqglwlrqv P4 dqg I5 dqg ohw D @ ^3>hw` zkhuh hw lv wkh pd{lpxp
ri hv dqg s2Ydu\ . 41 Iru v A hw/
H^V2?nmV? @ v` @ s2Ydu\ .H^V?nmV? @ v`2  s2Ydu\ . +v 4,2 ? v2  v=
Wklv lpsolhv frqglwlrq P41 Frqglwlrq I5 lv hdv| wr fkhfn1 
: Wkh H{lvwhqfh ri Vwdwlrqdu| Pdunry Htxloleulxp
Wkh h{lvwhqfh ri vwdwlrqdu| htxloleulxp kdv douhdg| ehhq hvwdeolvkhg lq Vhfwlrq 7
xqghu wzr edvlf dvvxpswlrqv1 Wkh uvw dvvxpswlrq/ wkdw hdfk djhqw*v rswlpdoo|
frqwuroohg Pdunry fkdlq kdv d vwdwlrqdu| glvwulexwlrq zlwk qlwh phdq/ iroorzv iurp
qdwxudo dvvxpswlrqv derxw wkh prgho dv zdv vkrzq lq Vhfwlrq 9171 Wkh vhfrqg edvlf
dvvxpswlrq/ wkdw wkh errnv edodqfh/ lv wulyldoo| vdwlvhg e| dq rxwvlgh edqn wkdw vhwv
 @ 2 @ 31 Krzhyhu/ wkh vhfrqg dvvxpswlrq lv/ lq jhqhudo +l1h1/ iru qrq0}hur / 2,/
pxfk pruh gholfdwh1
Zh zloo jlyh d eulhi glvfxvvlrq ri wkh prgho zlwk dq rxwvlgh edqn1 Wkhq zh zloo
lqwurgxfh d prglhg yhuvlrq ri wkh prqh| pdunhw jdph/ iru zklfk d idluo| jhqhudo
h{lvwhqfh wkhruhp fdq eh suryhg1
:14 Wkh Prgho zlwk dq Rxwvlgh Edqn
Frqvlghu djdlq wkh prgho zlwk dq rxwvlgh edqn dqg frxqwdeo| pdq| w|shv ri djhqwv
dv lq Vhfwlrq 7161 Dvvxph wkdw hdfk w|sh ri djhqw kdv d xwlolw| ixqfwlrq zklfk vdwlvhv
dvvxpswlrq +D4, ri Vhfwlrq 91 Ixuwkhu/ dvvxph wkdw iru hdfk w|sh n ri djhqw zlwk
lqir+x&,
+v, @ 3/ wkh lqfrph yduldeoh \ & kdv d qlwh vhfrqg prphqw1
Il{ u @ u2 @ 4 ru/ htxlydohqwo|  @ 2 @ 31 Dovr/ { d sulfh s 5 +3>4, dqg
dvvxph wkdw s\ k  nk iru hdfk djhqw 1
E| Wkhruhp 914/ hdfk djhqw  ri hdfk w|sh n kdv d xqltxh rswlpdo vwdwlrqdu|
sodq k @ &1 Ixuwkhupruh/ e| Sursrvlwlrqv 91< dqg 9143/ wkh dvvrfldwhg Pdunry
fkdlq kdv d vwdwlrqdu| glvwulexwlrq k @ & zlwk qlwh phdq1 Irup wkh djjuhjdwhg
zhdowk glvwulexwlrq  dv lq +716,1
Wkhruhp :141 Wkh idplo| ri vwudwhjlhv ikj uhvxowv lq d vwdwlrqdu| Pdunry htxlole0
ulxp +s> , zlwk lqwhuhvw udwhv u @ u2 @ 41
Surri1 Wklv zloo iroorz iurp Wkhruhp 7144 rqfh Dvvxpswlrqv 71; dqg 71< duh yhulhg1
Dvvxpswlrq 71; lv lpphgldwh iurp Sursrvlwlrqv 91< dqg 91431 Dvvxpswlrq 71< lv d
wulyldolw| vlqfh/ e| k|srwkhvlv  @ 2 @ 31 
Lw lv qdwxudo wr dvn zkhwkhu wkhuh dozd|v h{lvwv d vwdwlrqdu| htxloleulxp zlwk srv0
lwlyh lqwhuhvw udwhv  dqg 21 Wklv vhhpv xqolnho| zkhq wkh djhqwv duh krprjhqhrxv
dqg lqir x+v, @ 3 dv lq H{dpsoh 8151
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Txhvwlrq :151 Frqvlghu wkh prgho zlwk dq rxwvlgh edqn dqg krprjhqhrxv djhqwv
zlwk xwlolw| ixqfwlrq x vxfk wkdw lqir x+v, A 31 Grhv wkhuh dozd|v h{lvw d vwdwlrqdu|
Pdunry htxloleulxp zlwk  dqg 2 srvlwlyhB
Zh vxvshfw wkdw wkh dqvzhu lv |hv/ exw wkdw wkh htxloleulxp pd| lqyroyh dfwlyh
edqnuxswf|1 Zh krsh wr uhwxuq wr wklv txhvwlrq lq d vxevhtxhqw sdshu zklfk doorzv
iru edqnuxswf|1
:15 Wkh Prgho zlwk d Prqh| Pdunhw
Wkh remhfw ri wkh uhpdlqlqj vhfwlrqv lv wr hvwdeolvk wkh h{lvwhqfh ri d vwdwlrqdu|
Pdunry htxloleulxp iru d prglhg yhuvlrq ri wkh prqh| pdunhw jdph zlwk krprjh0
qhrxv djhqwv1
Frqvlghu uvw wkh jdph dv ruljlqdoo| irupxodwhg1 Lq H{dpsoh 815 zh vdz wkdw
wkhuh qhhg qrw h{lvw d vwdwlrqdu| Pdunry htxloleulxp1 Zh vxvshfw wkdw wklv lv d
frpprq rffxuuhqfh zkhq wkh xwlolw| uhpdlqv erxqghg1
Txhvwlrq :161 Grhv wkhuh dozd|v h{lvw d vwdwlrqdu| Pdunry htxloleulxp iru wkh
prqh| pdunhw jdph zlwk krprjhqhrxv djhqwv dqg d xwlolw| ixqfwlrq x vxfk wkdw
lqir x+v, A 3B
Zh gr qrw nqrz wkh dqvzhu wr wklv txhvwlrq/ exw zloo jlyh dq d!updwlyh dqvzhu iru
d prglhg jdph/ zkhuhlq wkh hqgrjhqrxv lqwhuhvw udwhv duh frqwuroohg e| jryhuqphqw
lqwhuyhqwlrq vr wkdw wkh| duh erxqghg dzd| iurp 4@1
:16 D Jdph zlwk d Uhjxodwhg Prqh| Pdunhw
Iru vlpsolflw|/ zh dvvxph wkdw wkh djhqwv duh krprjhqhrxv zlwk xwlolw| ixqfwlrq x
dqg jhqhulf lqfrph yduldeoh \ vxfk wkdw \  nT@Z > khuh T @ H\ lv wkh txdqwlw| ri
wkh frpprglw| surgxfhg hdfk shulrg/ Z @ Zf lv wkh dprxqw ri dw prqh| lqlwldoo|
khog e| wkh djhqwv/ dqg n A 31 Ohw % dqg  eh vpdoo srvlwlyh qxpehuv vxfk wkdw
3 ? %  plqin@5> 3  4j> 3 ?  ? plqiZ>%j= +:14,
Rxu qhz jdph zloo eh txlwh vlplodu wr wkh prqh| pdunhw jdph irupxodwhg lq
Vhfwlrq 5151 Rqh glhuhqfh lv wkdw hyhu| djhqw lv uhtxluhg lq hyhu| shulrg wr rhu dw
ohdvw % iru ohqglqj dqg wr elg dw ohdvw  lq LRX qrwhv1
Lqghhg/ vxssrvh wkdw/ dw wkh ehjlqqlqj ri hdfk shulrg q/ hdfk djhqw  kdv d
zhdowk Vk?3+z,  % dqg lv uhtxluhg wr rhu ck?+z, 5 ^%> Vk?3+z,` iru ohqglqj dqg
lk?+z, 5 ^> n%` lq LRX qrwhv1 Wr vlpsoli| wkh errnnhhslqj/ zh dvvxph wkdw dw prvw
rqh ri wkh txdqwlwlhv ck?+z, dqg l
k
?+z, fdq h{fhhg lwv plqlpxp ydoxh1 Dv xvxdo/ zh
dvvxph wkdw ck?+z, dqg l
k
?+z, duh mrlqwo| phdvxudeoh lq +>z,1 Wkh wrwdo dprxqwv








%  O?+z, 
]
Vk?3+z,!+g,>   L?+z,  n  %=








Li hu?+z,  u0/ wkh lqwhuhvw udwh u?+z, @ 4 . ?+z, iru shulrg q lv wdnhq wr eh hu?+z,1
Krzhyhu/ li hu?+z, A u0/ wkh jryhuqphqw +ru jdphpdvwhu, rhuv dgglwlrqdo ixqgv






u?+z, =@ hu?+z, a u0 @ L?+z,
O?+z,
a u0= +:18,
Lq rughu wkdw J? eh dozd|v ghqhg/ zh vhw J?+z, @ 3 li hu?+z,  u01 Wkhq






b 3  n  %
u0
 %  n
u0
= +:19,










?3+z, ck?+z, . lk?+z,@u?+z, +:1;,
lq wkh frpprglw| pdunhw1 +Dv lq wkh xquhjxodwhg prgho/ qr krduglqj lv doorzhg1,
Zkhq ordqv duh uhsdlg/ wkh jryhuqphqw uhfhlyhv d surw ri ?+z,J?+z,/ zkhuh
u?+z, @ 4 . ?+z,1 Krzhyhu/ wkh jryhuqphqw lv uhtxluhg wr vshqg lwv surw lq wkh







Z?3+z, .J?+z, . ?3+z,J?3+z,
T
>





lv wkh wrwdo dprxqw ri prqh| khog e| djhqwv dw wkh ehjlqqlqj ri shulrg q/ dqg zh vhw
Zf @Z dqg fJf @ 31 Wkxv/ dw wkh hqg ri wkh qwk shulrg/ djhqw  kdv zhdowk
Vk? @ u?+V
k
?3  ek?, . s?\ k? @ u?ck?  lk? . s?\ k? +:143,
lq dw prqh|1
Lq wklv prgho/ wkh wrwdo zhdowk ohyhov Z? fdq  xfwxdwh/ exw wkh txdqwlwlhv Z? .
?J? uhpdlq frqvwdqw1 Wr vhh wklv/ ohw q  4 dqg fdofxodwh=
Z? . ?J? @
]





















@ Z?3 . ?3J?3=
Wkxv
Z? . ?J? @ Zf @ Z +:145,










 s?+z,  Z . n@u0
T
=@ sW= +:147,
Vlqfh lk?+z,  n%/ s?+z,  Z@T/ dqg \ k? +z,  nT@Z / zh kdyh Vk? +z,  lk?+z,.
s?+z,\
k
? +z,  % dv dvvxphg1
E| frqvwuxfwlrq/ wkh lqwhuhvw udwh u? lv erxqghg deryh e| u0> fi1 +:18,1 Wr jhw d
srvlwlyh orzhu erxqg/ revhuyh iurp +:15,/ +:145, wkdw
O?+z, 
]
Vk?3+z,!+g, @ Z?3+z, @ Z  ?3+z,J?3+z,  Z=
+Wkh txdqwlw| ?3J?3 lv qrqqhjdwlyh/ vlqfh J?3 A 3 lpsolhv u?3 @ u0 dqg









 u?+z,  u0= +:148,
69
Dv lq rxu rwkhu jdphv/ hdfk djhqw  uhfhlyhv {k? @ e
k
?@s? xqlwv ri wkh frpprglw|
dqg x+{k?, lq xwlolw| lq wkh qwk shulrg1 Wkh djhqw*v remhfwlyh lv wr pd{lpl}h wkh





Vwudwhjlhv dqg dgplvvleoh froohfwlrqv ri vwudwhjlhv duh ghqhg dv lq Vhfwlrq 51 D





zkhuh lk dqg ck duh phdvxudeoh ixqfwlrqv vxfk wkdw   lk+v> u> s,  n  %/ % 
ck+v> u> s,  v/ dqg hlwkhu lk+v> u> s, @  ru ck+v> u> s, @ %1
Ghqlwlrq :171 Dq dgplvvleoh froohfwlrq  @ ik>  5 Lj ri vwdwlrqdu| vwudwhjlhv
uhvxowv lq d vwdwlrqdu| Pdunry htxloleulxp +u> s> , zkhuh 3 ? u ? 4/ 3 ? s ? 4/
dqg  lv d suredelolw| phdvxuh rq E+^3>4,, li/ zlwk uf @ u/ sf @ s/ dqg f @ / zh
kdyh
+l, u? @ u/ s? @ s/ dqg ? @  iru doo q  4/
+ll, hdfk vwudwhj| q lv rswlpdo iru djhqw  zkhq hyhu| rwkhu djhqw  + 9@ ,
sod|v k1
Wkhruhp :181 Iru  vx!flhqwo| vpdoo/ wkhuh lv d vwdwlrqdu| Pdunry htxloleulxp iru
wkh uhjxodwhg prqh| pdunhw zlwk krprjhqhrxv djhqwv dqg d xwlolw| ixqfwlrq x wkdw
vdwlvhv dvvxpswlrq +<=4, dqg lqir x+v, A 31
Wkh uhvw ri wklv vhfwlrq lv ghyrwhg wr wkh surri ri Wkhruhp :181 Wkh phwkrg lv wr
xvh wkh VfkdxghuW|fkqr {hg srlqw wkhruhp lq d zd| dqdorjrxv wr wkdw ri Zklww
+4<:8,1 Wkh surri zloo dovr xvh uhvxowv iru wkh rqh0shuvrq jdph iurp Vhfwlrq 91 Zh
ehjlq zlwk d orrn dw krz wkh rqh0shuvrq jdph lv uhodwhg wr wkh uhjxodwhg prqh|
pdunhw jdph1
Frqvlghu dq djhqw zlwk zhdowk v  % zkr lv sod|lqj lq wkh uhjxodwhg prqh| pdunhw
jdph1 Wkh djhqw frxog hohfw wr elg l @  lq LRX qrwhv dqg wr ohqg c 5 ^%> v`/ ru hohfw
wr ohqg c @ % dqg elg l 5 ^> n%`1 Wkh uhvxowlqj frpprglw| elg
e @ v c. l@u>





Vxssrvh wkh djhqw eholhyhv wkh jdph wr eh lq htxloleulxp dw sulfh s dqg lqwhuhvw udwh
u1 Wkhq wkh djhqw zrxog suhihu wr pdnh wkh rswlpdo elg fw+v, lq wkh rqh0shuvrq jdph
zlwk sdudphwhuv  @ +u> s, dqg n+, @ no1 +Lq wkh qrwdwlrq ri Vhfwlrq 916/  @ +u> u> s,
6:
zklfk zh deeuhyldwh khuh wr +u> s,1, Li fw+v, ? @u/ wkhq wkh elg fw+v, zrxog qrw eh
dydlodeoh1 Krzhyhu/  wdnhv ydoxhv lq wkh frpsdfw vhw
N @ ^uW> u0` ^sW> sW` +:149,




Zh qrz dvvxph wkdw   fWuW vr wkdw fw+v,  @uW  @u/ dqg wkh elg fw+v, lv
dydlodeoh wr wkh djhqw1 +Wklv vpdoo whfkqlfdolw| frxog eh dyrlghg e| wuhdwlqj d pruh
jhqhudo rqh0shuvrq jdph lq Vhfwlrq 91,
Frqvlghu wkh ixqfwlrq # zklfk pdsv wkh fxuuhqw lqwhuhvw udwh/ sulfh/ dqg zhdowk
glvwulexwlrq +u> s> , wr wkh fruuhvsrqglqj txdqwlwlhv +u> s> , iru wkh qh{w shulrg/
xqghu wkh dvvxpswlrq wkdw hdfk djhqw sod|v dffruglqj wr wkh xqltxh rswlpdo vwdwlrq0
du| vwudwhj| iru wkh rqh0shuvrq jdph zlwk sdudphwhuv  @ +u> s, dqg n+, @ no1 Zh
zdqw wr vkrz wkdw # kdv d {hg srlqw1 Iluvw zh qhhg d pruh h{solflw ghqlwlrq ri #1
Zh wdnh wkh grpdlq ri # wr eh wkh vhw
 @ N P= +:14:,
KhuhN lv wkh frpsdfw vhw ri +:149,/ dqgP lv wkh froohfwlrq ri doo suredelolw| phdvxuhv
rq E+^3>4,,/ zklfk vdwlvi| ]
v+gv,  Z +:14;,










W =@ vxsiv fw+v, = v  3>  5 Nj= +:153,
Lw iroorzv iurp Fruroodu| 91; wkdw W lv qlwh1 Khqfh/P lv wljkw dqg wkhuhiruh frpsdfw
lq wkh zhdn0vwdu wrsrorj|1 Wkxv  lv dovr frpsdfw lq wkh surgxfw wrsrorj|1 Qrwh







.Z . &o0  Z / lq dffrugdqfh zlwk +:14;,1
Iru  5 N/ zulwh
fw+v, @ v cw+v, . lw+v,@u +:154,
zkhuh cw+v, dqg lw+v, duh wkh ordq rhu dqg LRX elg ri dq djhqw zlwk zhdowk v1 Rqo|
rqh ri wkhvh fdq h{fhhg lwv plqlpxp> vr hlwkhu lw+v, @  dqg cw+v, @ v fw+v, . @u/
ru hovh cw+v, @ % dqg lw+v, @ u+fw+v, v. %,1 Wkxv
cw+v, @ +v fw+v, . @u, b % 5 ^%> v`> +:155,
lw+v, @ u+fw+v, v. %, b  5 ^> n  %`=
6;
Dq djhqw zkr ohqgv dqg eruurzv lq dffrug zlwk cw+, dqg lw+, zloo eh sod|lqj rswl0
pdoo| li wkh lqwhuhvw udwh dqg sulfh uhpdlq {hg dw  @ +u> s,1
Erwk cw+, dqg lw+, duh frqwlqxrxv lq / xqlirupo| rq frpsdfw vhwv ehfdxvh fw+,
lv +e| Sursrvlwlrq 919,1 Lw iroorzv wkdw wkh wrwdov ri wkh LRX elgv dqg ordq rhuv
jlyhq e| wkh lqwhjudov
L  L+u> s> , =@
]
lw+v,+gv,> O  O+u> s> , =@
]
cw+v,+gv, +:156,
duh frqwlqxrxv ixqfwlrqv ri +u> s> , rq 1 Wklv fdq eh vkrzq gluhfwo|/ ru e| dq
dssolfdwlrq ri Wkhruhp 618 lq Odqjhq +4<;4,1 Olnhzlvh/ wkh txdqwlw|







zklfk uhsuhvhqwv wkh ixqgv rhuhg e| wkh jryhuqphqw/ lv d frqwlqxrxv ixqfwlrq ri
+u> s> ,1 Lw ghyhorsv wkdw wkh qhz lqwhuhvw udwh
u  u+u> s> , =@ L
O.J
> +:158,
dqg wkh qhz sulfh
s  s+u> s> , =@ Z .J
T
> +:159,
duh dovr frqwlqxrxv lq +u> s> ,1 Frqvlghu qrz
  +u> s> , =@ +glvwulexwlrq ri V @ lw+V, . ucw+V, . s\ , +:15:,
zkhuh wkh lqghshqghqw udqgrp yduldeohv V/ \ kdyh glvwulexwlrqv /  uhvshfwlyho|1
Ohppd :191 Wkh pdsslqj # = +u> s> , $ +u> s> , ri +:=58,+:=5:, lv frqwlqx0
rxv/ dqg pdsv  lqwr lwvhoi1
Surri1 Wkh frqwlqxlw| surshuwlhv ri u/ s/ cw dqg lw lpso| wkh frqwlqxlw| ri +u> s> ,/
khqfh dovr wkdw ri wkh pdsslqj #1
Qrz iurp +:155,/ +:156, dqg +:14;,/ zh kdyh
  L  n  %> %  O 
]
v+gv,  Z >
dqg e| dqdorj| zlwk +:147,/ +:148, zh ghgxfh wkdw +u> s, 5 N1 Lw uhpdlqv wr vkrz
 5 P 1 Iurp
V @ lw+V, . ucw+V, . s\ +:15;,









O L .Z .J @ Z J+u  4,  Z
6<
vlqfh/ hlwkhu J @ 3/ ru J A 3 dqg u @ u0 @ q  %  41 Wklv yhulhv +:14;, iru > wr
yhuli| +:14<,/ ohw
ew+V, @ V  cw+V, . lw+V,
u
ghqrwh wkh elg iru frpprglw|/ uhfdoo +:154,/ dqg uhzulwh +:15;, dv
V @ u+V  ew+V,, . s\ @ u+V  fw+V,, . u+fw+V, ew+V,, . s\












iurp +:153,/ +:155, dqg +u> s, 5 N/ +u> s, 5 N1 
Wklv frpsohwhv wkh surri wkdw wkh pdsslqj # = +u> s> , $ +u> s> , lv frq0
wlqxrxv iurp  lqwr 1 E| wkh VfkdxghuW|fkrqr Wkhruhp/ # kdv d {hg srlqw
+u> s> ,1
Vxssrvh hyhu| djhqw sod|v dffruglqj wr wkh vwdwlrqdu| vwudwhj| fruuhvsrqglqj wr
fw+, @ fEocR+, dqg wkdw wkh lqlwldo frqglwlrqv duh uf @ u/ sf @ s/ dqg f @ 1
Vlqfh +u> s> , lv d {hg srlqw ri # lw iroorzv wkdw u? @ u/ s? @ s dqg ? @  iru
doo q  4/ dqg dovr wkdw hyhu| djhqw lv sod|lqj rswlpdoo| djdlqvw wkh jlyhq vwudwhjlhv
ri wkh rwkhuv1
Wkh surri ri wkh wkhruhp lv qrz frpsohwh1
Txhvwlrq :191 Lv wkh vwdwlrqdu| Pdunry htxloleulxp xqltxhB
; Dfnqrzohgjphqw
Zh zrxog olnh wr wkdqn Mrkq Jhdqdnrsorv iru d qxpehu ri vwlpxodwlqj frqyhuvdwlrqv
derxw h{lvwhqfh surriv/ dqg Pdqiuhg Vfkço iru eulqjlqj wkh sdshu e| Odqjhq +4<;4,
wr rxu dwwhqwlrq1
< Dsshqgl{= D Surri ri Rswlpdolw|
Ohw  eh wkh vwdwlrqdu| sodq lqwurgxfhg lq H{dpsoh 816 zlwk fruuhvsrqglqj frqvxps0
wlrq ixqfwlrq f dv lq +814,1 Dvvxph wkdw wkh sdudphwhuv lq wkh h{dpsoh vdwlvi| wkh
frqglwlrq=
4  +4 . ,    2+4 . , . = +<14,
Ohw T+v, @ L+,+v, eh wkh h{shfwhg uhwxuq iru dq djhqw zkr vwduwv dw v dqg sod|v




^x+e, . HT+5+v e, . \ ,`= +<15,
73
Wkh uvw vwhs lv wkh fdofxodwlrq ri T xvlqj wkh lghqwlw|




^T+5+v f+v,, . 4, .T+5+v f+v,, . 7,`=





2 ^T+3, .T+6,` > 3  v  5>
52 .
q
2 ^T+5v 7, .T+5v 4,` > 5  v  6>
52 . +v 6, . q2 ^T+5, .T+8,` > v  6=
Lq wkh plggoh htxdolw| deryh zkhuh 5  v  6/ zh kdyh 5v 7  5 dqg 5v 4  6/ vr
zh fdq vxevwlwxwh iurp wkh uvw dqg odvw htxdolwlhv wr jhw














4 > 3 ? v ? 5>
 .  > 5 ? v ? 6>
 > v A 6=
Ohiw dqg uljkw ghulydwlyhv fdq eh rewdlqhg dw wkh hqgsrlqwv ri wkh wkuhh lqwhuydov e|
frqwlqxlw|1
Revhuyh wkdw frqglwlrq +<14, lpsolhv wkdw T lv ghfuhdvlqj dqg T lv frqfdyh1
Lq rughu wr fkhfn wkh Ehoopdq htxdwlrq +<15,/ ghqh/ iru hdfk {hg v/ wkh ixqfwlrq
#+e, =@ #r+e, =@ x+e,.HT+5+ve,.\ , @ x+e,. q2 ^T+5+ve,.4,.T+5+ve,.7,`
iru 3  e  v. 2 1 Wkh ixqfwlrq # lv frqfdyh ehfdxvh x dqg T duh frqfdyh1 Zkdw zh
pxvw vkrz lv wkdw # dwwdlqv lwv pd{lpxp dw e @ f+v,1 Zh zloo frqvlghu wkuhh fdvhv1
Fdvh 41 3  v  51





  3 zkhuh #3 ghqrwhv
wkh ohiw ghulydwlyh ri #1 Iru 3  e  v. 2 / zh kdyh e  52 dqg
#+e, @ e. q2 ^T+5+v e, . 4, .T+5+v e, . 7`,=
Khqfh/
#3+e, @ 4 ^Tn+5+v e, . 4, .Tn+5+v e, . 7,`







@ 4 ^Tn+3, .Tn+6,` @ 4 ^4 . `  3
e| frqglwlrq +<14,1
Fdvh 51 5 ? v  61
74





  3  #n 521 Wr





@ 4 ^Tn+5v 7, .Tn+5v 4,`  4 ^Tn+3, .Tn+6,`  3>
zkhuh wkh uvw lqhtxdolw| krogv ehfdxvh Tn lv qrqlqfuhdvlqj dqg wkh vhfrqg e| wkh
dujxphqw lq Fdvh 41
Wr suryh wkdw #n

52
  3/ ohw 52  e  v. 2 dqg zulwh




. q2 ^T+5+v e, . 4, .T+5+v e, . 7,`= +<16,
Khqfh/






@ ^T3+5v7,.T3+5v4,`   ^T3+5,.T3+8,` @  +4.,  3
zkhuh wkh uvw lqhtxdolw| krogv ehfdxvh T3 lv qrqlqfuhdvlqj dqg wkh vhfrqg e| +<14,1
Fdvh 61 v A 61
Khuh f+v, @ v 2 1 Vr zh qhhg wr vkrz #3

v 2
  3  #n v 21 Wr suryh wkh
uvw lqhtxdolw|/ ohw 52  e  v. 2 / zulwh #+e, dv lq +<16, dqg wdnh wkh ohiw ghulydwlyh





@   ^Tn+5, .Tn+8,` @   ^ .  . `=
Wkh qdo txdqwlw| lv qrqqhjdwlyh e| frqglwlrq +<14,1





@   ^T3+5, .T3+8,` @   ^4 . `=
Wklv txdqwlw| lv ohvv wkdq ru htxdo wr }hur e| +<14,1
Wkh surri wkdw  lv rswlpdo lv qrz frpsohwh1
43 Uhihuhqfhv
Ehoopdq/ U1 +4<8:,1 G|qdplf Surjudpplqj1 Sulqfhwrq/ QM= Sulqfhwrq Xqlyhuvlw|
Suhvv1
Eodfnzhoo/ G1 +4<98,1 Glvfrxqwhg G|qdplf Surjudpplqj/ Dqq1 Pdwk1 Vwdw1 69/
5595681
Gxeh|/ S1 +4<;5,1 SulfhTxdqwlw| Vwudwhjlf Pdunhw Jdphv/ Hfrqrphwulfd 83+4,/
4444591
Gxeh|/ S1 dqg O1 Vkdsoh| +4<<7,1 Qrqfrrshudwlyh Jhqhudo H{fkdqjh zlwk d Frq0
wlqxxp ri Wudghuv= Wzr Prghov/ Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv 56+4,=
5865<61
75
Gxqirug/ Q1 dqg M1 W1 Vfkzduw} +4<97,1 Olqhdu Rshudwruv1 Sduw L= Jhqhudo Wkhru|1
Qhz \run= M1 Zloh| ) Vrqv2Lqwhuvflhqfh1
Ihogpdq/ P1 dqg F1 Jloohv +4<;8,1 Dq H{srvlwru| Qrwh rq Lqglylgxdo Ulvn Zlwkrxw
Djjuhjdwh Xqfhuwdlqw|/ Mrxuqdo ri Hfrqrplf Wkhru| 68/ 59651
Md|dzdughqh/ N1 N1 D1 +4<<6,1 Hvvd|v rq Txhxhlqj V|vwhpv dqg Vwudwhjlf Pdunhw
Jdphv/ SkG1 Wkhvlv/ Ghsduwphqw ri Rshudwlrqv Uhvhdufk/ \doh Xqlyhuvlw|1
Ndudw}dv/ L1/ P1 Vkxeln/ dqg Z1 Vxgghuwk +NVV, +4<<7,1 Frqvwuxfwlrq ri Vwdwlrq0
du| Pdunry Htxloleuld lq d Vwudwhjlf Pdunhw Jdph/ Pdwk1 ri Rshu1 Uhvhdufk
4</ <:843391
Odqjhq/ K1M1 +4<;4,1 Frqyhujhqfh ri G|qdplf Surjudpplqj Prghov/ Pdwk1 ri
Rshu1 Uhvhdufk 9/ 7<68451
Ph|q/ V1 S1 dqg U1 O1 Wzhhglh +4<<6,1 Pdunry Fkdlqv dqg Vwrfkdvwlf Vwdelolw|1
Qhz \run= VsulqjhuYhuodj1
Vfkço/ P1 +4<:8,1 Frqglwlrqv iru Rswlpdolw| lq G|qdplf Surjudpplqj/ dqg iru wkh
Olplw ri qVwdjh Rswlpdo Srolflhv wr eh Rswlpdo/ ]hlwvfkuliw i u Zdkuvfkhlq0
olfknhlwvwkhrulh xqg yhuz1 Jhelhwh 65/ 4:<4<91
Wzhhglh/ U1 O1 +4<;;,1 Lqyduldqw Phdvxuhv iru Pdunry Fkdlqv zlwk Qr Luuhgxflelo0
lw| Dvvxpswlrqv/ Mrxuqdo ri Dssolhg Suredelolw| 58D/ 5:85;91
Zklww/ Z1 +4<:8,1 Vwdwlrqdu| Htxloleuld lq dq Hfrqrp| zlwk Prqh|/ Xqfhuwdlqw|/
Lqqlwho|0Pdq| Wlph0Shulrgv dqg d Frqwlqxxp ri Djhqwv/ xqsxeolvkhg pdq0
xvfulsw/ \doh Xqlyhuvlw|1
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